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Abstract

We study strategy-proof probabilistic mechanisms in a binary ex-
cludable public good model. We define a new probabilistic mecha-
nism, called the non-exclusive mechanism. We first show that the
non-exclusive mechanism satisfies strategy-proofness. Next, we estab-
lish that the non-exclusive mechanism is second-best efficient. Finally,
we calculate the supremal welfare loss of the non-exclusive mechanism,
and compare it with that of the mechanisms on the previous research.
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1 Introduction

We study a mechanism design problem in a binary excludable public good
model. Each agent has a quasi-linear preference. A (direct) mechanism
determines the set of agents who consume the public good and the cost
share depending on agents’ preferences.

We focus on mechanisms satisfying strategy-proofness, which requires that
it be a dominant strategy for any agent to report his true preference. We eval-
uate strategy-proof mechanisms from the point of view of efficiency. However,
it is well known that there exists no mechanism satisfying strategy-proofness
and Pareto-efficiency [Holmstrom (1979)]. Hence, our aim is to design the
most efficient mechanism possible.

Since the seminal work by Moulin (1994), several mechanisms are intro-
duced and studied on this problem. There are two types of mechanisms: the
exclusive type and the non-exclusive type. The exclusive type mechanism
may exclude some agents from the consumption of the public good while the
public good is supplied to the others. On the other hand, the non-exclusive
type mechanism excludes no agent whenever the public good is supplied.

The Moulin mechanism! is a representative of the exclusive type ones.
It has been known as the unique mechanism satisfying strategy-proofness,
individual rationality, budget-balance, anonymity, and other desirable prop-
erties.? Furthermore, it minimizes the supremal welfare loss among the set of
all mechanisms satisfying strategy-proofness, individual rationality, and the
auxiliary axiom [Masso et al. (2015)]. The supremal welfare loss is the supre-
mum of the welfare loss that occurs as a result of applying the mechanism,
and is used as a measure of inefficiency.?

Ohseto (2005) has defined the non-exclusive type mechanism. The Ohseto
mechanism* achieves the smallest supremal welfare loss among the mech-
anisms satisfying strategy-proofness, budget-balance, and other desirable
properties.® Since the Moulin mechanism also satisfies these properties, this
result means that the Ohseto mechanism is more efficient than the Moulin
mechanism in terms of the supremal welfare loss.

This fact has an important implication as follows: it is a rational choice
to exclude no agent from the consumption of the public good while we are
able to exclude agents. Actually, in many countries, society does not exclude
users of parks, roads, TV, and so on. Hence, we can theoretically support

IThis is also called as the equal cost sharing with maximal participation mechanism.
2See Moulin (1999), Deb and Razzolini (1999a, b), and Ohseto (2000).

3For example, see Juarez (2008), Moulin and Shenker (2001), and Ohseto (2010).
4This is also called as the optimal augmented serial mechanism.

®See Ohseto (2005) and Hashimoto and Saitoh (2016).



these policies.

Recently, the probabilistic mechanisms have been studied® on this prob-
lem. Hashimoto and Shiozawa (2018) have defined probabilistic mechanism,
called the a-mechanisms, and shown that the optimal a-mechanism achieves
the smaller supremal welfare loss than that of the Ohseto mechanism. Since
the optimal a-mechanism is a probabilistic and exclusive type mechanism,
we have to study a probabilistic and non-exclusive type mechanism as well..

We define a new mechanism as a probabilistic and non-exclusive type one,
called the non-exclusive mechanism. We first show that the non-exclusive
mechanism satisfies strategy-proofness. Next, we establish that the non-
exclusive mechanism is second-best efficient. Second best efficiency requires”
that the mechanism be on the Pareto-frontier of the set of strategy-proof
mechanisms. Finally, we calculate the supremal welfare loss of the non-
exclusive mechanism, and compare it with that of the several mechanisms.

The remainder of the paper is organized as follows. In Section 2, we set
up the model. In Section 3, we define the basic properties. In Section 4, we
introduce the mechanisms. In Section 5, we state our results. In Section 6,
we provide the proofs.

2 Model

Let N = {1,2,...,n} be the set of agents. We consider the provision of
a binary excludable public good y € {0,1}. The cost function ¢(-) of the
excludable public good is normalized as follows: ¢(0) = 0 and ¢(1) = 1.

Each agent ¢ € N has a preference for bundles consisting of a consumption
level of the excludable public good s; € {0,1} and a cost share ¢; € R. We
assume that this preference is represented by a quasi-linear utility function,
i.e., if agent 7’s valuation of the excludable public good is v; € R, then his
utility for (s;,t;) € {0,1} x R is

wi((si,t:);v:) = s;v; — .

A list v = (v;)ien € RY is a valuation profile. Given v € R} and N’ C N,
NS RfN, and v_ns € RfN\N/ denote (v;);ens and (v;),env, respectively.
The set of feasible allocations is

Z = {(si,ti),-eN € ({0,1} xR)": ;ti > r;éa]\?(sz}

SFor example, see Dobzinski et al. (2018).
"In other words, it requires that the mechanism be undominated by the other strategy-
proof mechanisms.



A deterministic mechanism is a function f : R} — Z. Given a deterministic
mechanism f and a valuation profile v € R}, we denote agent i’s assignment
under f(v) as fi(v) = (s;(v),t;(v)) € {0,1} x R.

Let AZ be the set of all probability distributions on Z. Given a probabil-
ity distribution, we denote by o; € [0, 1] and 7; € R the probability that agent
1 consumes the excludable public good and the expected value that agent ¢
pays under the probabilistic distribution, respectively. Each agent ¢ evaluates
(04, 7;) using his expected utility, i.e., if agent i’s valuation of the excludable
public good is v; € Ry, then his expected utility for (o;,7;) € [0,1] x R is

Uz’((Uz’,Ti); Ui) = 0V; — Tj.

A probabilistic mechanism is a function ¢ : R} — AZ. Given a probabilistic
mechanism ¢ and a valuation profile v € R’} we denote by o;(v) € [0, 1] and
7;(v) € R the probability that agent i consumes the excludable public good
and the expected value that agent ¢ pays under the probability distribution
©(v), respectively.

3 Properties

We define the basic properties. Since the deterministic mechanisms are spe-
cial cases of the probabilistic mechanisms, we define the properties for the
probabilistic mechanisms only.

Strategy-proofness states that it is a dominant strategy for any agent to
report his true valuation.

Definition 1. A probabilistic mechanism ¢ satisfies strategy-proofness if
for any ¢« € N, any v € R, and any v; € R,

oi(v)v; — i(v) > oy (v, v_)vy — (Vi v_y).

Second-best efficiency in individual (social) welfare states that the mech-
anism is on the Pareto-frontier in individual (social) welfare of the set of
strategy-proof mechanisms.

Definition 2. A probabilistic mechanism ¢* is second-best efficient in
individual welfare if there exists no strategy-proof probabilistic mechanism
¢ such that for any v € R” and any 7 € NV,

oi(v)v; — Ti(v) = o7 (vV)v; — 77 (v),
and for some ¢ € R’} and some j € N,

0j(0)0; — 75(0) > 07 (0)0; — 77 (D).
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Definition 3. A probabilistic mechanism ¢* is second-best efficient in
social welfare if there exists no strategy-proof probabilistic mechanism ¢
such that for any v € R,

> (i) — 7(v) =Y (07 (0)v; — 77 (v)),
iEN iEN
and for some 0 € R},
> (0:(0)0i = 1i(0)) > Y (07 (0)0; — 7 (0)).
1EN €N
Remark 1. If a mechanism is second-best efficient in social welfare, then it

is second-best efficient in individual welfare.

The welfare loss of a mechanism is the difference between the welfare of
the first-best mechanism and that of the mechanism we consider.

Definition 4. Given a probabilistic mechanism ¢ and a valuation v € R7,
the welfare loss of ¢ at v is defined as follows:

W L(v; ) = max { Z v — 1, O} - (Z (Jk(v)vk - Tk("U)>>

The supremal welfare loss is the supremum of the welfare loss over all
veRY.

Definition 5. Given a probabilistic mechanism ¢, the supremal welfare
loss of ¢ is

sup W L(v; ).

n
vERY

4 Mechanisms

We define several mechanisms. The non-exclusive mechanism is our new
mechanism.

4.1 Ohseto mechanisms

First, we define® the Ohseto mechanism. It works in a very simple way
as follows: When there exists an agent whose valuation is greater than %,
the public good is supplied to all agents and all agents share the cost %
Otherwise, the public good is not supplied and all agents pay nothing.

80hseto (2005) has defined the mechanisms that have the parameter w € N. We only
consider the mechanism with w = 1. Moreover, for simplicity of consideration, we adopt
the definition that is welfare equivalent to original one.



Definition 6. A deterministic mechanism f© is the Ohseto mechanism if for
any v € R7,

1. when {j € Njv; > £} #0, for any i € N,

2. when {j € N|v; > +} =0, for any i € N,
f (W) =(0,0).

4.2 Non-exclusive mechanism

We generalize the Ohseto mechanism to the probabilistic one. To do so, we
consider asymmetric versions of the Ohseto mechanism. Define C' = {c €
R Y .cn i = 1} as the set of cost share profiles.

Definition 7. Given ¢ € . A deterministic mechanism f¢ is defined as
follows: for any v € R”,

1. when {j € N|v; > ¢;} # 0, for any i € N,
fiw) =1, ¢),
2. when {j € N|v; > ¢;} =0, for any i € N,

fi(v) = (0,0).

Definition 8. A probabilistic mechanism ¢ is the non-exclusive mech-
anism if for any v € R?, ¢ (v) selects f¢(v), where ¢ follows the uniform
distribution on C.

Remark 2. Notice that, when ) . . v; > 1, for some agent j € N, we
must have v; > ¢;. Notice also that, when ), \ v; < 1, the probability of
occurrence of ¢ € C' such that for any j € N, v; < ¢, is (1 — > cpoe)”
Thus, the probabilistic assignment of the non-exclusive mechanism can be
summarized as follows: for any v € R’ and any i € IV,

UN(U) = {1 o (1 - Zk‘EN vk>n_1 if zkEN Vi S 17

1 if ZkeNUk > 1.



5 Results

We state our results. The proofs are in the next section. First, we state
strategy-proofness of the new mechanism.

Theorem 1. The non-exclusive mechanism ¢” satisfies strategy-proofness.

Next, we give the results with regard to second-best efficiency of the new
mechanism.

Theorem 2. The non-exclusive mechanism ¢” is second-best efficient in
social welfare.

Remember that second-best efficiency in social welfare implies second-
best efficiency in individual welfare. Thus, we immediately have the follow-
ing.

Corollary 1. The non-exclusive mechanism " is second-best efficient in
individual welfare.

Finally, we calculate the supremal welfare loss of the new mechanism, and
compare it with that of the mechanisms on the previous research.

Theorem 3. The supremal welfare loss of the non-exclusive mechanism ™
is

—1/1\wa
sup W L(v; V) = t (—) .

vERTY n n

Remark 3. For the Moulin mechanism f, the Ohseto mechanism f©, and
the optimal® a-mechanism ¢®, the supremal welfare losses of these mecha-
nisms have been known as follows:

sup W L(v ——1
UGRI’)L Z

O n — 1
sup WL(v; f7) =
vER? n

sup WL(v;p®%) = max { iah(l — S)}

veERY k=1
9The optimal « is calculated as follows: for any k =1,...,n,
k
- 1-— =2
akzl—Zah— n 2%k " (1)

1
S g tio



Figure 1 exhibits these values for n = 2,...,100. For any n > 3, we can
obtain that

sup WL(v; fM) > sup WL(v; f€) > sup WL(v; o) > sup WL(v; ¢%).

veER? veR? veR? veR?

Hence, we conclude that the non-exclusive mechanism ¢” is not superior to
the optimal a-mechanism ¢® in the view point of the supremal welfare loss.

6 Proofs

6.1 Proof of Theorem 1

Let i € N. Let v € R} and v; € Ry. For any ¢ € C, it is trivial that f¢is
strategy-proof. Thus, it holds that

si(v)v; — ti(v) > Sf(vb V_i)U; — tf(vi, V_;).

Note that
and

Thus, we have
o (W) — N () > oN (v, v ) v — TN (V] v_y).

Therefore, Theorem 1 is valid.

6.2 Myerson’s Lemma

To prove Theorem 2, we use the following Lemma, proved by Myerson (1981)
in a similar model.

Lemma (Myerson 1981). If a mechanism ¢ satisfies strategy-proofness, then
for any i € N, any v;, v, € R, such that v; < v}, and any v_; € Ri‘l, it holds
that

0i(vi,v—) < 03(v;,v-)
and

/U'L
o (v, v_;)v; — Ti(v, v_;) = o3 (vi, v_y)v; — Ti(vg, v_y) + / oi(xi,v_;)dz;.
v;



6.3 Proof of Theorem 2

Let ¢ be a strategy-proof probabilistic mechanism such that for any v € R,
Y (oiv)vi = 7i(v) = Y (0 (v)vs = 7V (v)).
iEN ieN
We show that for any v € R},
Y (i) = 7(v) = Y (a7 (W)oi = 7 (v)).
ieN ieN
For any S C N, define V(S) = {v € R} | if i ¢ S,v; = 0}. We consider the

following mathematical induction.

Base case: For any S C N such that #S = 0, and any v € V(.5), it holds
that

D (oo = () = Y () (v)vi — 7Y (v)).

iEN iEN

Proof of Base case. Let S C N be such that #S = 0. Let v € V(S), that is,
v =(0,...,0). Since, when v = (0,...,0), ¢"¥(v) is Pareto-efficient, we have
the desired result. O

Induction step: Suppose that for any S C N such that #S =¢ — 1, and
any v € V(5), it holds that

D (oo = 7i(v) = Y (o) (v)vi — 7Y (v)).
ieN ieN
Then, for any S C N such that #S = ¢, and any v € V/(S), it holds that
Y (a0 = 7(v) = Y (a7 (o = 7 (v)).
ieN ieN

Proof of Induction step. Let S C N be such that #S = t. Suppose to the
contrary that for some o € V(S),

Y (0u(0)0i = () > Y (07 (0)0; — 7 (0)).

1EN 1EN

Claim 1. For any v € R such that },_\ v; # 1, and any 7 € N, it holds
that



Proof of Claim 1. Suppose to the contrary that for some v € R such that
Y ien Vi # 1, and some j € N, it holds that

o;(v) > ol (v).
Then, it holds that

, . N N
rgéa]\;cal(v) > 0;(v) >0 (v) = max o (v).
When »7, v v > 1, we must have o} (v) = 1, which means a contradic-
tion. Hence, it follows that ). .\ v; < 1. Since, by feasibility, ) ..y 7i(v) >
max;en 0;(v) and Y,y 7 (v) = maxen 07 (v), it follows that

Z(Ui(v)vi —7;(v)) < maxo;(v) Zvi — max oi(v)

iEN

iEN ieN
= I}éa]gwi(v)(z v —1)
iEN
< I{g\?(g )(Z v; — 1)
iEN
= ) (o ()i — 7N (v)),
iEN
which is a contradiction. O

Claim 2. )., 0; < 1.

Proof of Claim 2. Since, when Y, yv; > 1, ¢™(v) is Pareto-efficient, we
have the desired result. O

Claim 3. For some j € N, 0;(0) < o ().

Proof of Claim 3. Suppose to the contrary that for any i € N, 0;(0) >
o (9). Then, it holds that

max 0;(0) > max o;

N/n
ieN ieEN (0)-

Since >,y 7:(0) > maxen 03(0) and Y, 7 (0) = maxen 0} (9), by Claim
2, it follows that

D (oi(@)0; — 7(8)) < maxoy(d) Y 0; — max oy (D)

4 1EN 1EN
iEN 1EN
= Tgéa]gwi(@)(z b — 1)
ieN
< maxa Z 0; — 1)
iEN
1EN
= Y (o) ()0 — 7Y (9)),
ieN



which is a contradiction. O

For simplicity of notation, we assume that o1(9) < oi¥(d).

Claim 4. It holds that!'?

01(1, 7?),{1}) . 1 — 7'1(1,7},{1}) + Z <07;(O, 1,@,{1’1'}) . ]. — Ti(o, 1,’{1,{171})>
i#1

<oy (L) 1—7 (Lo—qy +Z< (0,1,0-q19) - 1 =7 (0, 1,0 {u}))
i#£1

Proof of Claim 4. By Myerson’s Lemma and Claims 1 and 3, we have!!
o1(1,0-q1y) - 1 =7 (1,0_1y)
=01(0,0_13) - 0 — 71(0,0_q13) + /01 o1 (21, 0_q1y)dxy
< 01(0,0_g13) - 0 — 7 (0,0_q13) + /01 ol (a1, O_q1y)dxy
and for any 7 # 1,
0i(0,1,0_q15) - 1 = 73(0,1,0_1,53)
= 0;(0,0;, 0_q1,4y) - 0 — 73(0, 03, 0_g1,5y) + /1 (0, 2, V(1,43 )d;
< 03(0, 93, 0_g1.57) - 0 — (0, 0y, D_q1 +/ o (0, 2, 0_g1,1y)da;.
By summing up these inequalities, it holds that

0'1(1, 7}_{1}) . ]. — 7'1(].,17_{1}) 4+ Z (O’Z‘(O, 17{}_{171‘}) . 1 — Ti(o, 1,17_{171‘}))

i#1
< 01(0,9-13) - 0 — 7 (0,9_g13) + Z <Ui(0, 03, 0_q14y) - 0 — 7i(0, 0y, 17—{1,i})>
i#1
1
+/ (o (xl,v {1} d]?l —i—Z/ 0 L Ly, U {11})dl’z
i#1

10Tn the profile (0, 1, ¥_{1,4}), the first element means agent 1’s valuation, and the second
element means agent ¢’s valuation.

Since o (v) is continuous and o (v) is non-decreasing, o (%) < of¥(9) implies that
there exists a sufficiently small € > 0 such that for any z; € [01 —€,01], 01(21,0_113) <

O'{V(ail, 1},{1})

11



Then, by the induction hypothesis, it follows that
01<07 17—{1}) -0 — 7'1(07 77—{1}) + Z <0i(07 0, 17—{1,2'}) 0 — Ti(O, 0, @—{1,1'}))
i#1

:U{V(O,@_{l})~0—7'1 0,0_g1) —l—Z( (0,04, 0-_p153) - 05 — T N0, Dy, D {11})).
i#£1

Thus, by Myerson’s Lemma, we have

01<1, ﬁ,{l}) . 1 — 7'1(1,17,{1}) + Z <0i(07 1,{},{1’7;}) . 1 — Ti(o, 1,’{],{171})>

i#1
N ~ b
<o (0,1}_{1}) ~O—7'1 (0,0_ {1} —i—Z( (0, v, 0_ {11}) i — T, (O Vi, U_ {11}))
i#1
+/ o (2,0 (1} d331+2/ (0,25, 01,5y d;
1#£1
(1 U_ {1}) 1—T1 (1 U_ {1} —I—Z( 0,1,1} {12}) 1—7’ (0,1,1) {11}))
i#£1
]

Claim 5. We have the following equation:

(Lo ) 1= (L) + 3 (030,10 1) - 1= (0, 1,0 1.))
i#1
=n-—1

Proof of Claim 5. See Appendix. m
Claim 6. We have the following equation:
N oy) -1 — V(10 +Z( (0,1, 9_() - 1 — 70,1, 5. {12}))

i#£1
=n—1.

Proof of Claim 6. See Appendix. H

By Claims 4, 5, and 6, we have a contradiction. Thus, Induction step is
valid. Il

Therefore, the non-exclusive mechanism ¢? is second-best efficient in social
welfare. OJ

12



6.4 Proof of Theorem 3

When Y,y vr > 1, since o™ (v) is Pareto-efficient, the welfare loss is zero.
Hence, we consider the case ), .\ vx < 1. Remember that for any i € N,

o (v)=1-(1- ka)n_l.

keN

Then, we have

WL:eY) = 0 (Z(o—{y (v)vg — Y (v)))

=~ (X u-1)
_ <1 ~(1- ;;vvk)M) (1 _ I;V@

Set X =1— )", .y v and rewrite as

WLwieY) = (1—X"")X

= X-X"
Then, the first-order condition is
dW L(v; o") 1
—— = 1—-nX"
X "
= 0.

Hence, the welfare loss reaches the maximum at

and the maximal value is

Appendix

We prove Claim 5 in the proof of Theorem 2. The same argument holds for
Claim 6 in the proof of Theorem 2. Notice that

or(1,0-y) — (1, 0_qy) = Zﬁ(l,@—{u)
i1

13



and for any ¢ # 1,

0i(0,1,0_03) — (0, Li_gry) = 7(0,1,0_g1.).
ki

Then, by strategy-proofness, for any ¢ # 1, we have!?
(L o_y) = (1, 1,0-q1.4),
and for any 7 # 1 and any k # 1,4, we have
7e(0,1,0_q1,53) = (0,1, 1, 0_(15.1})

and
71(0, 1, @—{1,1}) = 7'1(1, 1, @—{1,1})-
Hence, it holds that

0'1(1, 'lAJ_{l}) -1 — 7'1(1,@_{1}) + Z <0i(07 1,’[}_{1’,‘}> -1 - Ti(o, 1,?}_{1’2'}))

i#1

= ZTi(L 77—{1}) + Z ( Z (0, 1, Z7—{1,1‘}) +71(0, 1, 77—{1,2'}))
i#1 i#1 k#li

= ZTZ'<17 17 @—{l,i}) + Z ( Z Tk(ov 17 17 @—{l,i,k}) + 7-1<17 17 @—{l,i}))
i#1 i#1 k#Li

= Z (Tl(17 17 f&—{l,’i}) + Ti(17 ]-7 @—{171'})) + Z Z Tk(()? 17 17 @—{1,i,k}>‘
i#1 1#1 k#1,0

Notice that for any @ # 1,

7L L o_gay) + (L L pgy) =1= > 7(1,1,0_q4)
k#1,

2By Myerson’s Lemma, we have
oi(L, 1,0 g14)) - 1= 7(1,1,9_(143)
1
= 0i(1,04,0_114y) - 0i — Ti(1, 04, 0_q1,4}) +[ oi(1, 25, 0_q1,5y)d;.

Note that for any z; > 0, we have 0;(1,x;,9_;1 ;1) = 1. This means that

1
O'i(l, 1,@,{1’1-}) -1 = Ui(l,ﬁiaﬁf{l,i}) - 04 +/ O'i(l,xi,f},{l’i})dl‘i.

i

Hence, we have 7;(1,1,0_g153) = 7i(1, 0;, 0_f1,4})-

14



and for any ¢ # 1 and any k # 1,1,

70,1, 1,0 g140y) + (0,1, 1, 0_(1,0y) = 1 — Z (0,1, 1, 0_(1,i})-
hti,k
Then, by strategy-proofness, for any ¢ # 1 and any h # 1,4, we have
Th(L 17 ’07{1,1'}) = Th(L 17 17 ﬁf{l,i,h})a
and for any ¢ # 1, any k # 1,4, and any h # 1,4, k, we have
Th(07 17 17 @—{l,i,k}) - Th(O, 17 17 17 @—{l,i,k,h})

and
7—1<07 17 17 @—{l,i,k}) = 7—1<17 17 17 @—{l,i,k})-
Hence, it holds that

0'1<1, @_{1}) . 1 — Tl(l,f}_{l}) + Z <0'2‘(0, 1,{]_{171‘}) . 1 — Ti(o, 1,{)_{111‘}))

i#1
= Z (Tl 17 17U {1, z} + Tz<17 ]-7 V_{1,i} > + Z Z Tk(07 17 17 zAJ—{l,i,k})
i#1 i#£1 k1)
_ (1 (1,1, 6 {12})) 3 (1 -y rh(0,1,1,@_{1,i,k}))
i#1 k#1, i#£1 h#i.k
i<k
= (1 - Z (1,1 ;U—{l,i,k})>
i#1 k#1
+3° (1 — 3 (0,11, 1,8 1) — 7, 1,1,@_{17i,k})))
i#£1 h#1,i.k
i<k
=D IOEDY (ﬁ<1, LL o am) + (11,10 k) + (1, 1,1, ﬁ_{l,i,k}))
i#1 i#1
i<k
+ Z (1 - Z Th(()) 17 17 ]-; ﬁf{l,i,k,h})> .
i#1 h#1,i,k
i<k

Notice that for any i, k # 1 such that ¢ # k,

Tl(l7 17 17 @—{1,i,k})+7—i(17 17 17 @—{1,i,k}>+7—k(]—u 17 17 @—{1,i,k}> =1- Z Th(17 17 ]-7 @—{1,i,k})
h#1,i,k

and for any 7 # 1 and any k # 1,1,
Ti<0a ]-7 17 17 @—{1,i,k,h}) + Tk(07 17 ]-a ]-7 @—{17i,k,h}) + Th(Oa ]-7 17 17 @—{l,i,k,h})

=1— Z Tg(O, 1, ]., ]-,ﬁ—{l,i,k,h})‘
(i kh

15



Then, by strategy-proofness, for any distinct i, k, ¢ # 1, we have
To(1,1,1, @—{l,z‘,k}) =7(1,1,1,1, @_{Li’k’g}),
and for any distinct ¢, k, h, ¢ # 1, we have
7000, 1,1, 1,0 (1 ikn) = 70,1, 1,1, 1,0 g1 5 ko ney)

and
7—1(07 17 17 ]-7 @—{1,i,k,h}) - 7—1<17 ]-7 17 17 @—{1,i,k,h})‘
Hence, it holds that

o1(L,0_q1y) - 1 = 1(L,0_q13) + Z (Ui(O, Lo_qy) -1 =700, 1,?7—{1,2‘}))

i#£1
= Z(1> - Z <7—1(]—7 17 ]-a @—{l,i,k}) + Ti(]-7 17 17 ﬁ—{l,i,k’}) + Tk(]-a 17 ]-a {)—{1,7;,]{?}))
i#1 i#1
i<k
+ Z (1 - Z Th(07 17 17 ]-7 @—{l,i,k,h}>>
1#£1 h#1,i,k
i<k
D IUED ST DA S RAY)
1#£1 i#1 h#1,i,k
i<k
+ Z(1> - Z <1 - Z Tﬂ(oa 17 ]-7 17{}7{1,i,k,h})>
i#1 i#1 (i kb
i<k i<k<h
= Z(1> - Z (1 - Z Th(]-7 ]-7 17 17 @—{1,1',]6,(}))
i#l i#£1 h#1,i,k
i<k
Y- (1= X 01110 )
1#£1 i#£1 {#13,k,h
i<k i<k<h

_T1(17 17 17 17 ﬁf{l,i,k,h})>>)
= Z(1> + Z (7-1(17 17 17 17 ﬁ—{l,i,k,h}) + Ti(17 17 17 17 6—{1,7§,k,h}>

1#£1 1#£1
i<k<h

+7:(1,1,1,1, ﬁf{l,i,k,h}) +7(1,1,1,1, @f{l,i,k,ﬁ}))

-y (1_ 3 T,g(o,1,1,1,1,@_{1,Z~,k,h,e})>-

1#£1 0#1,1,k,h
i<k<h
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By repeating the similar argument, we have

O'1<1, 'lAJ_{l}) -1 - 7'1<1,1AJ_{1}) + Z <O'i(0, 1,’[}_{1’,‘}> -1 — Ti(o, 17@—{1,2'}))
i#1
- Z(1> + (_1>n72 <Tl<17 SR 1) +o 4+ Tn(lu SR 1))) - (_1)“*21
i#1

Since 7 (1,...,1)+---+ 7,(1,...,1) = 1, it holds that

0'1(1,@_{1}) -1 — 7'1<1, @_{1}) + Z (O’i<0, 1’@—{1,1’}) -1 — TZ'(O, 1, 17_{17”))
i#1
=n—1.

Therefore, Claim 5 in the proof of Theorem 2 is valid. O
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Figure 1: The supremal welfare losses of the four mechanisms: the Moulin
mechanism f [Black], the Ohseto mechanism f© [Red], and the non-
exclusive mechanism ¢™ [Yellow], the optimal a-mechanism ¢* [Blue].
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