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Abstract

We consider the income redistribution problem among agents. Each
agent has an inequity-averse preference represented by a utility func-
tion proposed by Fehr and Schmidt (1999). We focus on rules satis-
fying strategy-proofness, Pareto-efficiency, and individual rationality.
We introduce two rules satisfying these properties, the gross uniform
redistribution rule and the net uniform redistribution rule. We char-
acterize these rules by strategy-proofness, Pareto-efficiency, individual
rationality, and additional axioms.

1 Introduction

We consider the income redistribution problem among agents. Each agent
has the initial income (endowment) and has a preference represented by a
utility function proposed by Fehr and Schmidt (1999). The agent who has
such a preference cares about not only his income assignment, but also other
agents’ ones. In other words, he is inequality-averse. A rule determines the
income redistribution depending on agents’ preferences.

We focus on rules satistying strategy-proofness, Pareto-efficiency, and in-
dividual rationality. Strategy-proofness requires that it be a dominant strat-
egy for any agent to report his true preference. Pareto-efficiency requires
that the rule always assign a Pareto-efficient allocation. Individual rational-
ity requires that the rule always assign an allocation at least as well as the
initial income distribution (endowment).
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We introduce two rules satisfying strategy-proofness, Pareto-efficiency,
and individual rationality. On these rules, the agents who are rich and
strongly inequality-averse redistribute some part of their income to other
agents. The gross uniform redistribution rule redistributes income uniformly
to the poorest agents.! The net uniform redistribution rule redistributes in-
come uniformly to all the other agents.?

We characterize these rules by strategy-proofness, Pareto-efficiency, indi-
vidual rationality, and additional axioms. The gross uniform redistribution
rule is the only rule satistying strategy-proofness, Pareto-efficiency, individ-
ual rationality, and envy-freeness for recipients. Envy-freeness for recipi-
ents requires that no agent prefer any recipient’s position to his one.® The
net uniform redistribution rule is the only rule satisfying strategy-proofness,
Pareto-efficiency, individual rationality, and envy-freeness on non-negative
net trade. FEnvy-freeness on non-negative net trade requires that no agent
prefer any agent’s position in the view of the non-negative net trades to his
one.

The remainder of the paper is organized as follows. In Section 2, we set up
the model. In Section 3, we define the properties. In Section 4, we introduce
the rules. In Section 5, we state our results. In Appendix, we provide the
proofs.

2 Model

Let N = {1,2,...,n} be the set of agents. We consider the income re-
distribution problem among agents. Each agent ¢ € N has the initial in-
come (endowment) e; € R,. Without loss of generality, we assume that

e1 > ey > -+ > e,, and normalize Zz‘e v € = 1. The set of feasible alloca-
tions is
X = {(xl,...,xn) e R : le = 1}.
iEN

Each agent i € N has a preference on X. We assume that this preference
is represented by a utility function proposed by Fehr and Schmidt (1999),

LA similar rule has defined in Hashimoto and Wakayama (2021) in reallocation problem
with single-peaked preferences.

2 A similar rule has defined in Klaus, Peters, and Storcken (1997) in reallocation problem
with single-peaked preferences.

3This property is a weaker form of envy-freeness, which is first introduced by Fo-
ley (1967).

4The notion of envy-freeness in terms of changes in allocations is first formulated by
Schmeidler and Vind (1972) in the context of pure exchange economies.
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where a; > (; and (3; € [0,1). Let U be the set of the utility functions (or
preferences) proposed by Fehr and Schmidt (1999).
Alist u = (u;);eny € U™ is a preference profile. Given u € U™ and N' C N,
un' € UFN and u_ o € UFN\Y' denote (uj)jens and (u;)jgn', respectively.
A rule is a function f : U™ — X. Given a rule f and a preference profile
u € U", we denote agent i’s assignment under f(u) as fi(u) € R;.

3 Properties

3.1 Basic properties

We define the basic properties. Strategy-proofness states that it is a dominant
strategy for any agent to report his true valuation.

Definition 1. A rule f satisfies strategy-proofness if for any ¢ € N, any
u € U™, and any u; € U, it holds that

wi(f(w)) = ui(f (uf, uss)).

Pareto-efficiency states that the rule always assigns a Pareto-efficient
allocation.

Definition 2. A rule f satisfies Pareto-efficiency if for any v € U", it
holds that there exists no x € X such that for any ¢« € N, we have

ui(z) = wi f(u)),
and for some 7 € N, we have
ui(x) > ui(f(u)).

Individual rationality states that the rule always assigns an allocation at
least as well as the initial income distribution (endowment).

Definition 3. A rule f satisfies individual rationality if for any u € U™
and any ¢ € N, it holds that

ui(f(u)) = uile).

3



3.2 Envy-freeness for recipients

To define the next property, we need some notation. Given ¢,k € N. Let
7k X — X be such that

74(z) = o) and (@) = ,

and for any j # 1, k,
T (x) = x;.
That is, 7% (z) is the allocation in which the assignments of agent i and
k at x are exchanged. In other words, the positions of agents ¢ and k are
exchanged.

Envy-freeness for recipients states that no agent prefers any recipient’s
position to his one.

Definition 4. A rule f satisfies envy-freeness for recipients if for any
u € U™ and any i,k € N such that fi(u) > e, it holds that

wi(f(w) > wi (7 (f ().

3.3 Envy-freeness on non-negative net trade

Given i,k € N. Let 7% : X — X be such that

Tik

i (l’) =e +Tp— e and W,ik(x) =e+x; — €,

and for any j # i, k,
ik
7' (z) = x5

That is, 7%*(z) is the allocation in which the net trades of agent i and
k at x are exchanged. In other words, the positions of agents ¢ and k are
exchanged in the view of the net trades.

Envy-freeness on non-negative net trade states that no agent prefers any
agent’s position in the view of the non-negative net trades to his one.

Definition 5. A rule f satisfies envy-freeness on non-negative net
trade if for any v € U™ and any i, k € N such that f;(u) > e; and fi(u) > e,
it holds that



4 Rules

We define two rules satisfying strategy-proofness, Pareto-efficiency, and in-
dividual rationality. To do so, we need some notation. Let b(u) € N be such
that for any ¢ < b(u), §; > ”T’l and Sy < "T’l Define also

B(u)={ie N :i<b(u)}.

Roughly speaking, B(u) is the sequence of agents who are rich at initial
income and have a high value of §;. In the following rules, the agents in
B(u) redistribute some part of their income to poor agents.

4.1 Gross uniform redistribution rule GG

Definition 6. The gross uniform redistribution rule G is defined as
follows: for any u € U™ and any 7 € N,

‘ . Gb(u)+1 if 4 S B(U),
Gilu) = { min{e;, \} if i ¢ B(u),

where A € Ry solves > .y Gj(u) = 1.

Example 1. Let n =5 and e = (%, 12—&, %, %, 1—80). Let u € U".

Bu)=0 = G(u)=ce,
26 26 21 16 11

Blw) = {1} = G = (55105700 100" 100"

Bu) = {1,2) = G(u)= (ﬁ 21 21 185 185),

20 20 20 20 20
Blu)={1,2,3} = G =C—c—r—r—f—>
(u) = {1,2,3} () = 100" T00° 100" T00” T00

4.2 Net uniform redistribution rule 7'

Definition 7. The net uniform redistribution rule 7T is defined as fol-
lows: for any v € U™ and any i € N,

4 - Tb(u)+1 if i € B(u),
Tiw) = { e;+ AN ifi ¢ B(u),

where A € Ry solves 3\ Tj(u) = 1.



Example 2. Let n =5 and e = (%, %, %, %, 1—80). Let u e U".

Bu)y=0 = T(u)=e,

97 27 922 17T 7
B = 1 T = _ -
(w)={1} = T(u) (100’100’100’100’100)’

24 24 24 19 9
B(u)={1,2} = = (—————>
(u) ={1,2} ()= 160" 100" 100" 00" 100

22 22 22 22 12

B ={1.2.3} = T = ({55 105" 100" 100" 100

20 20 20 20 20
B(U):{1,2,3,4} = T(U,): (m,m,m,m,m).

5 Results

We state our results. All the proofs are in Appendix. The first result is the
characterization of the gross uniform redistribution rule G.

Theorem 1. A rule satisfies strategy-proofness, Pareto-efficiency, individ-
ual rationality, and envy-freeness for recipients if and only if it is the gross
uniform redistribution rule G.

The second result is the characterization of the net uniform redistribution
rule T'.

Theorem 2. A rule satisfies strategy-proofness, Pareto-efficiency, and envy-
freeness on mon-negative net trade if and only if it is the net uniform redis-
tribution rule T'.

6 Appendix

6.1 Preliminaries

Lemma 1. For any : € N, any u; € U, and any x € X, it holds that

1 1
uiz) = il - 5%’%) — (@i +B)—— D (@) + i
jEL;(x)
= CL’z(l - 61) - an — 11‘1 — (ai +6Z)m Z (g;j —_ xz) _}_ﬁzn —
JEL;i(x)

where L;(z) ={j € N : z; > z;}.



Proof of Lemma 1. Let © € N, u; € U, and x € X. By definition, it holds
that

1

jeLi(z) j¢Li(x)

J¢Li(x) J¢Li(x)
= (n—#Li(x)z;—(1— ) =)
JELi(x)
= nx; — #Li(v)x; — 1+ Z T,
JELi(x)
= nr;— 1+ Z (x; — ;)
JELi(z)

Thus, it follows that

ui(r) = z(1- B . )_(Oéi‘i‘ﬂi)% Z (xj_xi)‘i‘ﬁi%

n—1 -1 -1
JeLi(z)
(1= B) = B——as — (i + B)—— 3 (= 5) + fi—
= i\l = Pi) = B Li — @y i) Lj— &y R
n—1 -1 ! —1
JELi(x)
Therefore, Lemma 1 is valid. O

Lemma 2. Let f be a rule satisfying Pareto-efficiency. Let u € U". Denote
f(u) = x. Then, there exists ¢ € arg max;ecy x; such that 5; < n—1

Proof of Lemma 2. Denote M = arg max;cy x; and m = #M. Suppose, to
the contrary, that for any ¢ € M, 3; > ”T_l For sufficiently small ¢ > 0, let
Z € X be such that for any ¢ € NV,

N Tr; — € leGM,
VT @ e ifi g M.

n—m

Step 1. For any ¢ € M, it holds that u;(Z) > u,(x).



Proof of Step 1. Let i € M. Note that

w(E) = w3 (1 — ) — (5 + )

n—1 4 n—m
JjEM
1 1
= I;—€ ﬁl 1Z(xi—mj)—i-ﬁim((n—m)e—i-m.e)
JEM
1 n
= :L‘Z—E—Bin_l Z(l’i—xj)—f—ﬁime
JjEM
and ]
ui(x) = x4 ﬁin — Z(Q}l ;)
JEM
Then, it holds that
wi () —ui(x) = —e+p; 16
n
= e(=1+8-—)
> 0,
because of 3; > ”T_l O

Step 2. For any ¢ ¢ M, it holds that w;(zZ) > u;(z).
Proof of Step 2. Let ¢ ¢ M. Note that

wi(z) = x;+ m-e€ oy 1 <Z((xj—6)—($i_|_ m‘E))+ Z max{xj—xi,o}>

n—m n—1\¢«
JjeEM JEN\M

1
_ﬂin — Zmax{xi —z;,0}
JEN
m- € 1 n-m-e
= :Bi—i-n_m —ain_1<2(xj—xi)— p—— + Z max{xj—xi,0}>
JjeM JEN\M
1
_Bin — Zmax{:r;i — 5,0}
JEN
and
1 1
ui(x) = x4 Qi ( Z(xj—xiH— Z max{z;—x;,0}) —Bzm Z max{z;—x;,0}.

jeM JEN\M jEN



Then, it holds that

ui (&) — ui(z) = —— + oy >0

O

Step 1 and Step 2 contradict Pareto-efficiency. Therefore, Lemma 2 is valid.
O

Lemma 3. Let f be a rule satisfying envy-freeness for recipients. Let u € U™.
Denote f(u) = x. If x> ey, then k € argmin;ey ;.

Proof of Lemma 3. Suppose, to the contrary, that there exists ¢,k € N such
that x, > e, and x, > x;. Denote 7*(z) = #. Since Li(z) = Li(Z), by
Lemma 1, we have

. 1 1
ui(@) = a1 = Bi) = Bi— xk—(aﬁﬁz— > (- ) +hi—
JGLk )
and
() = (1 = B) — B — (i + B)—— 3 (a;— )+ Bi—
ulx_xl K3 Zn—lxl al Zn_l x] xl Zn_l
JELi(z)
Notice that
Z (xj —x) = Z (xj —xp + 2 — )
JE€Lk(z) JE€Lk(z)
= > (w—w) = Y (me—w)
JELk(z) JELk(z)
= > (@—w) = Y (me—w)
JELk(x) JELy(x)
+ Y (mmw) = Y ()
JELi(x)\Lk(x) JEL;i(z)\ Lk ()
= > (@wi—m)— Y (m—w)— Y (- )
JELi(z) JELL(z) JELi(x)\Lk ()
Then, it holds that
N 1
ui(@) —wilz) = (we—2:)(1 = B) = fi— (26 — @)
1
+(Oéi + 5l)m( Z (ZL‘k — ZBZ) + Z (ZUj — ZEZ))
j€Li(2) JELi(x)\Lg(x)



Since k € Li(x) # 0, it follows that

_Bin ! () — ;) + @% Z (xp —x;) > 0.

1 '
JELk(x)

Thus, we have

ui(2) — wi(z) > 0.
However, this contradicts envy-freeness for recipients. Therefore, Lemma 3
is valid. O

Lemma 4. Let f be a rule satisfying Pareto-efficiency and envy-freeness for
recipients. Let u € YU™. Denote f(u) = x and b(u) = b. If 241 > epiq, then

Tpr1 = MaX Tk
keN
Proof of Lemma 4. Suppose that x; > x441. By Lemma 2, it implies x; > z;
for some 7 > b+ 1. Then, this means that
Tj > Tpy1 = €py1 = €5,
that is,
;> e; and j € arg min xg.
Z; i J & arg IkIeN Tk
However, by Lemma 3, this is a contradiction. O

Lemma 5. Let f be a rule satisfying envy-freeness on non-negative net trade.
Let uw € U™. Denote f(u) = z. Let i € N be such that x; > e; and §; < "T’l
Then, for any k € N, we have x; — e¢; > xp — €.

Proof of Lemma 5. Suppose, to the contrary, that there exists k € N such
that z; — e; < x3, — €. Denote 7%%(z) = 2. By Lemma 1, we have®

7

A

u () = (e +ap — ek)(l - Bi

(al+/81 ; €Z+$k—€k))+ﬁz n—1
n
= (et ap—e)(l-fi—)
(i + B)— (2 — (e + i — en) + B
—_— aA . [ — xA — eA x — + ——
) ) n—1 A 2 ‘ J i k €k zn ]
JELi(2)\{i}
n
> (et ap—er)(l=fi—)
1 1
(Oél + 51) — (xj — (ei + xp — €k)) + ﬁzm
JEL;(2)\{i}

Note that for any j # i, k, ; = z; and &y, = ey, + (2, — €;) < ex + (v — ex) = @y

10



W) = =St (et ar sy 3wy
= @il - i) — (i + ) ilﬂ%\ v+ g
= (et mi— el - fi )

—(ai+ﬁi)ﬁ > (i (etai—e)+5 i1

jeLi(z)\{i}

Notice that L;(2)\{i} C L;(x)\{i}, because ; = e;+xp—ep > e;+r,—e; = x;.
Then, it holds that

(@) —ui(w) = ((zr = ex) = (2 =€) (1 = Bi— 1)
+(au + @)ﬁ Z ((zr —ex) = (21 — &),
JELi (#)\{i}
Since f; < , we have
wi () — u;(x) > 0.

However, this contradicts envy-freeness on non-negative net trade. Therefore,
Lemma 5 is valid. O]

Lemma 6. Let f be a rule satisfying Pareto-efficiency and envy-freeness on
non-negative net trade. Let u € U™. Denote f(u) = x and b(u) = b. If
Tpt1 Z €pi1, then
Tpr1 = MaxX Tk.
keN

Proof of Lemma 6. Suppose that x; > z441. By Lemma 2, it implies x; > z;
for some 7 > b+ 1. Then, this means that

Tj > Tpt1 > €pr1 = €5,

that is,
Tj— €5 > Tpp1 — Cpt1-

However, by Lemma 5, this is a contradiction. O

11



6.2 Proof of Theorem 1

IF PART
This is straightforward, so we omit it.

ONLY IF PART

Let f be a rule satisfying strategy-proofness, Pareto-efficiency, individual
rationality, and envy-freeness for recipients. Let u € U™. We show f(u) =
G(u) by mathematical induction. Denote b(u) = b.

Step 1. When #{i € N\ B(u) : a; = f; = 0} +#{i € B(u) : §; = ==L} =n,
it holds that f(u) = G(u).

Proof of Step 1. Let u € U™ be such that #{i € N\ B(u) : oy = f; =
0} + #{i € B(u) : §; = =1} = n. Notice that for any i € N \ B(u),
o; = f; = 0, and that for any i € B(u), f; = =*. Denote f(u) = z. We
show that for any i € N, z; = G;(u).

Sub-step 1-1. For any i € N\ B(u), it follows that z; > e;.

Proof of Sub-step 1-1. This is trivial from individual rationality. m

Remark 1. By Sub-step 1-1, we have x,,1 > epiq.

Sub-step 1-2. For any i € B(u), it follows that x; = 2.

Proof of Sub-step 1-2. Let ¢ € B(u). By Lemma 4 and Remark 1, we have
Tpy1 > x;. Suppose that zy.1 > x;. Let 4; € U be such that &; = BZ = 0.
Denote f(u;,u_;) = &. Then, by individual rationality and Lemma 4, it holds
that

T; = max .

kEN
By Lemma 1, we have
n 1
() = (1 =5 i
wl@) = #(l- i)+ i
1
TS
and
(1) = ol = i) — (it B)—— S (= 22) + fi—
ulx - IZ K _ al Zn—l "”U] xl K _1
jELi(CC)
= B —— 3 (g — i) + A
- Q; % _1 X X Zn—l
]ELZ‘(I)



Then, since x4 > x; and b+ 1 € L;(z), we have

wi(2) — wi(x) = (o + ﬂz)L Z (x; —x;) > 0.

n—1
JEL;i(z)

However, this contradicts strategy-proofness. O

Sub-step 1-3. For any i € N such that ¢ < b+ 1, it follows that x; = G;(u).

Proof of Sub-step 1-3. Let i € N be such that ¢« < b+ 1. First, suppose
that z; > G;(u). By Sub-step 1-2, for any k£ < b+ 1, it follows that z; =
x; > Gi(u) = Gg(u). Then, by feasibility, there exists j > b+ 1 such that
z; < Gj(u). This implies that

Tpt1 > Gor1(u) > epyq and zp1 > Gppr(u) > Gj(u) > ;.

However, by Lemma 3, this is a contradiction.
Next, suppose that z; < G;(u). Then, by Sub-step 1-2 and Remark 1,

epr1 < Tpr1 < Gpy1(u).

When e, > %, since Gyy1(u) = epy1, thisis a contradiction. When e,,1 < %,
since Gpi1(u) = %, by Lemma 4 and feasibility, this is also a contradiction.
O

Sub-step 1-4. For any ¢ € N such that ¢ > b+ 1, it follows that x; = G;(u).

Proof of Sub-step 1-4. Let i € N be such that ¢+ > b+ 1. Suppose, to the
contrary, that z; # G;(u). By Sub-step 1-3 and feasibility, without loss of
generality, we suppose that x; > G;(u) and there exists j > b+ 1 such that
z; < Gj(u). Then, by Sub-step 1-1, it follows that

Gj(u) > z; > e;.
Since Gj(u) > ej, by envy-freeness for recipients of G' and Lemma 3, we have
Gj(u) = gélj{}l Gr(u).
Since G;(u) > e;, it holds that
x; > Gi(u) > e
These imply that
z; > e; and x; > G;(u) > Gj(u) > x;.

However, by Lemma 3, this is a contradiction. Il

13



Thus, Step 1 is completed. O]

Step 2. Let m € N be such that 0 < m < n. Assume that when #{i €
N\ B(u) : oy = 8; = 0} + #{i € B(u) : §; = ==} > m + 1, it holds that
f(u) = G(u). Then, when #{i € N\ B(u) : oz, = 8; = 0} + #{i € B(u) :
B; = "=1} = m, it holds that f(u) = G(u).

Proof of Step 2. Let u € U™ be such that #{i € N\ B(u) : oy = f; =
0} + #{i € B(u) : f; = =1} = m. Denote f(u) = z. We show that for any
1€ N, xT; = Gz(u)

Sub-step 2-1. When ap1 = fpy1 = 0, it follows that 1 > Gpy1(u).

Proof of Sub-step 2-1. Suppose, to the contrary, that xp.1 < Gpyq(u). By
indwidual rationality, apr1 = Bprr = 0 implies xp11 > epyq.

On the case of ey ; > %, we have Gpyii(u) = epy. These imply that
Zpy1 > Gpy1(u), which is a contradiction.

On the case of ey < %, we have Gpyq(u) = %, which implies that
Tpr1 < % Since Tp11 > €pr1, by Lemma 4, we have zp.1 = maxgen Tg.
These imply that maxgey i < %, which contradicts feasibility. O]

Sub-step 2-2. It follows that zy,1 > Gpiq(u).

Proof of Sub-step 2-2. Suppose, to the contrary, that xp;1 < Gppi(u). By
Sub-step 2-1, we assume that Upy1 18 other than ap1 = Bp1 = 0. Let
Up+1 € U be such that dwi1 = Sy = 0. Denote f(Upi1,u_ppr1)) = 2.
By the induction hypothesis, we have & = G(ty41,u_(p+1)). Since G(u) =
G(Upg1, U—(p41)), it follows that

Ty = Gor1 (Upg1, u—(pr1)) = G (u) > Tpp0.
By Lemma 1, we have

n 1
— 1) + Byt

Ub+1(j:) = fbﬂ(l - 5b+1 n—1

n
and

1
n—1

ﬁ 1)~ (@1t ) i Y (@—zp1)+Ben

jeLb+1 (CE)

Upy1(7) = $b+1(1—5b+1n

14



Then, we have

. . n
upr1(2) = w1 (2) = (Zor1 = 2o (1 = Borr )
1
+(apy1 + ﬁbﬂ)n T Z (; — Tpy1)
jELb+1(I)
> 0.
However, this contradicts strategy-proofness. O]

Remark 2. By Sub-step 2-2, we have xp11 > epiq.

Sub-step 2-3. For any ¢ € B(u) such that 5; = ”T’l, it follows that z; =
Thi1-

Proof of Sub-step 2-3. The same argument as Proof of Sub-step 1-2 is valid.
So, we omit it. |

Sub-step 2-4. For any i € B(u) such that 8; > “=1, it follows that z; >

Proof of Sub-step 2-4. Let i € B(u) be such that 3; > "T_l Suppose, to
the contrary, that z; < G;(u). Let @; € U be such that Bz = ”T_l Denote
f(t;,u_;) = . By Sub-step 2-2, it holds that

Tpr1 > Gor1(u) = Gy (i, u—i) = Gi(li, u—i) = Gi(u) > x;.
Since, by the induction hypothesis, 2 = G(4;, u_;), we have
Tpp1 > T > T;.

By Lemma 1, we have

1 1
ul(j;) = iﬂz(l - ﬁz) - 61—1i’z + 6Z—n 7
and
1 1 1
Uz($) = iL‘i(l _ﬂz> _Bin_ 1331 (O‘l_'_ﬁl)j Z (~Tg mz)‘Fﬁim.
JEL;(x)

Then, we have

ui (%) —u;(r) = (‘%i_xi)(l_ﬁi)_ﬁin ! (ii_xi)‘i‘(ai‘i‘ﬁi)n% Z (xj—;).



Since b+ 1 € L;(x) and xp4q > &y, it follows that

1
A —m) + A 3 (=) 20
JEL )
Thus, it holds that
ui(Z) — ui(z) > 0.

However, this contradicts strategy-proofness. O]

Sub-step 2-5. For any ¢ € N such that ¢ > b+ 1 and o; = §; = 0, it follows

Proof of Sub-step 2-5. Suppose, to the contrary, that there exists ¢ € N such
that ¢ > b+ 1, oy = 5; = 0, and z; < G;(u). By individual rationality,
a; = f; = 0 implies x; > ¢;, which means that G;(u) > e;. Then, by
envy-freeness for recipients of G and Lemma 3, it follows that

Gi(u) = min Gr(u).
Since z; < G;(u), by feasibility, there exists j € N such that z; > G;(u).
Then, we have

z; > Gji(u) > gél]{fle(u) = Gi(u) > ;.

On the case of j > b+ 1, we have G,(u) > e;, which implies that z; > e;.
Then, by Lemma 3, we must have z; = mingcy x,. However, since x; > x;,
this is a contradiction.

On the case of j < b+ 1, we have G,(u) = Gpy1(u). By Lemma 2,
there exists k € argmaxyecy x;, such that g < ”T’l Since [ < "T’l, it
follows that & > b+ 1, which implies that G;(u) > Gj(u). Then, these imply
that z;, > x; > G; > Gj(u), which means a contradiction from the former
case. O

Sub-step 2-6. For any i € N such that ¢ > b+1, it follows that z; > G;(u).

Proof of Sub-step 2-6. Suppose, to the contrary, that there exists ¢ € N such
that i > b+ 1 and z; < G;(u). Let i € N be such agent whose number is the
smallest. By Sub-step 2-5, we assume that u; is other than a; = 8; = 0. Let
@i; € U be such that &; = 3; = 0. Denote f(@;,u_;) = &. By the induction
hypothesis, we have & = G(t;, u_;). Since G(u) = G(@;, u_;), it follows that
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We claim that for any j < ¢, x; > z; and z; > &;. By Sub-step 2-2, 2-3,
and 2-4, for any 7 < b+ 1, it holds that

X Z Gb+1(u).

Then, since Gy11(u) > Gi(u) > x; and Gy (u) = Gy (G, u—i) = Gj(U;, u—;) =
Z;, it follows that

x; > w; and x; > T;.
By the way of choice ¢, for any £ € N such that b+ 1 < k < 4, it holds that

Then, since Gi(u) > Gi(u) > x; and Gg(u) = Gg(t;, u_;) = Ty, it follows
that
T > x; and x> T.
Hence, for any j <, we have x; > x; and z; > ;
By Lemma 1, we have

1 1 1
() = 7:(1 = B:) — B 7 — (v N P -
ui(@) = &i(1 = i) = Bi— i (aﬁﬁ’)n—l, Z (&) = &) + Bi—
je{1,...,i—1}
and
(@) =il = 8) = B = (i ) S (g = w0) + i
U\ T) = X4 7 zn_lxz Q; Zn_]-AeL():L‘] T ZTL—]_.
MASERZATY

Note that {1,...,7 — 1} C L;(x), because for any j < i, x; > x;. Then, we
have

ui(T) —ui(x) = (T —2)(1 = B;) — Bin _

—(OliJrﬂi)L > (ij—i"i)Jr(OfH’ﬁi)L > (- )

n—1 n—1
je{1,...,i—1} JjEL;i(x)
1
= (2 —x;)(1 = Bi) — B Ui — T;
(b= 21— 60) = i (b — )
1 ) ) 1
_(&i—l—ﬁi)m | Z ($j—$i)+(a/i+ﬁi)m |
je{2,...i—1} JELi(x)\{1}
1 ) 1
—(ai + Bi) (T1 — &) + (a; + 5y) (21 — ;).
n—1 1
Since, for any j <1, x; > &;, it follows that
1 ) R 1
_(ai—{-ﬁi)m . Z (ij—xi)—F(Oéi—Fﬁi)nT ‘ Z (xj—x,-) ZO
je{2,..i—1} JeLi(z)\{1}
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Since we have

1 1
and
B (1 — 22) — i (1 — 1) + fi— (21 — ) 2 0
1n_1xz Z; zn_1$1 Z; zn_lzl Zi) = U,
it holds that
wi () — u;(x) > 0.
However, this contradicts strategy-proofness. O]

Sub-step 2-7. For any i € N, it follows that x; = G;(u).

Proof of Sub-step 2-7. By Sub-step 2-2 and 2-3, for any ¢ € B(u) such that
B; = =1, it follows that

T; = Tpp1 > G (u) = Gi(u).
By Sub-step 2-4, for any ¢ € B(u) such that 3; > ”T_l, it also follows that

By Sub-step 2-6, for any ¢ € N such that ¢ > b+ 1, it holds that

z; > Gi(u).
Since, for any i € N, we have x; > G;(u), by feasibility, we have the desired
result. O
Thus, Step 2 is completed. O
Therefore, Theorem 1 is valid. O

6.3 Proof of Theorem 2

IF PART
This is straightforward, so we omit it.

ONLY IF PART

Let f be a rule satisfying strategy-proofness, Pareto-efficiency, individual
rationality, and envy-freeness on non-negative net trade. Let u € U™. We
show f(u) = T'(u) by mathematical induction. Denote b(u) = b.
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Step 1. When #{i € N\ B(u) : a; = ; =0} +#{i € B(u) : f; ==
it holds that f(u) = T'(u).

Proof of Step 1. Let u € U™ be such that #{i € N\ B(u) : oy = f; =
0} + #{i € B(u) : f; = =1} = n. Notice that for any ¢ € N \ B(u),
a; = p; = 0, and that for any i € B(u), 8; = ”T’l Denote f(u) = z. We
show that for any i € N, z; = T;(u).

t=mn,

?|

Sub-step 1-1. For any i € N \ B(u), it follows that z; > e;.
Proof of Sub-step 1-1. This is trivial from individual rationality. O]

Remark 3. By Sub-step 1-1, we have x,,1 > epiq.

Sub-step 1-2. For any i,j € N \ B(u), it follows that z; —e; = z; — e;.
Proof of Sub-step 1-2. This is trivial from Lemma 5 and Sub-step 1-1. [

Sub-step 1-3. For any i € B(u), it follows that x; = x.

Proof of Sub-step 1-3. Let ¢« € B(u). By Lemma 6 and Remark 3, we have
Tpy1 > x;. Suppose that xp.1 > x;. Let 4; € U be such that a; = BZ =0.
Denote f(u;,u_;) = &. Then, by individual rationality and Lemma 6, it holds
that

.QAS'@' = Inax .’i’k

keN
By Lemma 1, we have
n
i v = Ai 1-— 4 i 4
wl@) = Bl i)+ i
1
= P
and
@) = 1= By (o4 B 3 (g — )+ i
UZ‘,'U - xl Zn—l al 'Ln_l 'CC] x’L Z’]’L—l
]EL-L'(I)
(0t B)—— 3 (e~ )+ B
= =+ Pi)—— j — T i
n—1 A n—1
JELi(x)
Then, since x4 > x; and b+ 1 € L;(x), we have
. 1
ui(2) — ui(z) = (a; + ﬂl)m Z (xj —x;) > 0.
Je€Li(x)
However, this contradicts strategy-proofness. ]
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Sub-step 1-4. For any i € N such that i < b+ 1, it follows that x; = T;(u).

Proof of Sub-step 1-4. Let © € N be such that ¢ < b+ 1. First, suppose
that z; > T;(u). By Sub-step 1-3, for any k£ < b+ 1, it follows that z; =
x; > Ti(u) = Tp(u). Then, by feasibility, there exists j > b+ 1 such that
x; < Tj(u). This implies that

Tpr1 — €pr1 > Tpp1(u) —eprr = Tj(u) —e; > x5 — ey

However, by Sub-step 1-2, this is a contradiction.
Next, suppose that z; < T;(u). Then, by feasibility, there exists j7 > b+ 1
such that z; > T}(u). This implies that

Tpy1 — €1 < Tpr1(u) — epr1 = Tj(u) —e; < xj — ey

However, by Sub-step 1-2, this is a contradiction.
m

Sub-step 1-5. For any i € N such that ¢ > b+ 1, it follows that x; = T;(u).

Proof of Sub-step 1-5. Let ¢+ € N be such that ¢« > b+ 1. By Sub-step 1-2, it
holds that

Ti — € = Tp4+1 — Cp+1-
Since, by Sub-step 1-4, xp11 = Tp41(u), it follows that
Tj— € = Tpy1 — Epp1 = Tb+1(u) — €pr1 = Tz(u) — €4,
that is, z; = T;(u). O
Thus, Step 1 is completed. Il

Step 2. Let m € N be such that 0 < m < n. Assume that when #{i €
N\ B(u): oy = 8; = 0} + #{i € B(u) : §; = =2} > m + 1, it holds that
f(u) = T(u). Then, when #{i € N\ B(u) : a; = 8; = 0} + #{i € B(u) :
Bi = "=} = m, it holds that f(u) = T'(u).

Proof of Step 2. Let w € U™ be such that #{i € N\ B(u) : o = f5; =
0} + #{i € B(u) : f; = =1} = m. Denote f(u) = z. We show that for any
i€ N, z; =Ti(u).

Sub-step 2-1. When apy1 = fpy1 = 0, it follows that 1 > Tpyq(u).
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Proof of Sub-step 2-1. Suppose, to the contrary, that xp1 < Tpeq1(u). By
individual rationality, a1 = Ppyr = 0 implies xp11 > ep1. Since xpyq <
Tyi1(u), by feasibility, for some i # b+ 1, we must have x; > T;(u).

On the case of 1 > b+ 1, it implies that

x; —e; > Ti(u) —e; = Ty (u) — €py1 > Tog1 — Cppr,s

which is incompatible with Lemma 5.
On the case of © < b+ 1, it implies that

x; > Ti(u) = Tyar(u) > 201,

which is incompatible with Lemma 6. O

Sub-step 2-2. It follows that zp1 > Tpiq(u).

Proof of Sub-step 2-2. Suppose, to the contrary, that zy,1 < Tpii(u). By
Sub-step 2-1, we assume that w,,, is other than apy = Fypi1 = 0. Let
Upr1 € U be such that apyq = Bbﬂ = 0. Denote f(Upi1,u_ps1)) = 2.
By the induction hypothesis, we have & = T'(Up41, u_(p+1y). Since T'(u) =
T (Ups1, U—(p11)), it follows that

Tyy1 = Tora (Upy1, U—(or1)) = Thy1(u) > Topa.

By Lemma 1, we have

1
S A (]
Up11(2) = Ty ( 5b+1n — 1) + 5b+1n 7
and
(@) = @y (1= Bir—)~(ap 1B 3 (=) By —
Uppr (x) = x — —(« XT;—x )
b+1 b+1 b+ bt R
]ELb+1(CE)
Then, we have
. . n
Up1(2) —ups1(®) = (To1 — Tpp1)(1 — B — 7)
1
+(op1 + 5b+1)n 1 Z (; — Tpy1)
]ELb+1($)
> 0.
However, this contradicts strategy-proofness. ]
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Remark 4. By Sub-step 2-2, we have x,,1 > epi1.

Sub-step 2-3. For any ¢ € B(u) such that 3; = ”T_l, it follows that z; =
Lp+t1-

Proof of Sub-step 2-3. The same argument as Proof of Sub-step 1-3 is valid.
So, we omit it. |

Sub-step 2-4. For any ¢ € B(u) such that 5; > ”T’l, it follows that z; >
T;(u).

Proof of Sub-step 2-4. Let i € B(u) be such that 3; > "T_l Suppose, to
the contrary, that z; < T;(u). Let 4; € U be such that B, = ”T_l Denote
f(t;,u_;) = . By Sub-step 2-2, it holds that

Typ1 > Typr(u) = Togr (s, u_s) = Ti(ts, u_y) = Ti(u) > ;.
Since, by the induction hypothesis, & = T'(4;, u_;), we have
Tpy1 = Ty > T

By Lemma 1, we have

w@) = Bl B) ~ fhit s
and
1 1 1
ui(r) = fi(l—ﬂi)—Bin_lﬂfi—(amLﬁi)m Z (x; — )+5z 1
JEL;(x)

Then, we have

wld)=us(w) = (=) (15~ (b= ok B)— 3 (5j=).

Since b+ 1 € L;(x) and xp41 > &y, it follows that

1
iyl 3G

Je€Li(x)

Thus, it holds that
ui(2) — ui(x) > 0.

However, this contradicts strategy-proofness. ]
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Sub-step 2-5. For any i € N such that i > b+ 1 and o; = §; = 0, it follows
that x; > T;(u).

Proof of Sub-step 2-5. Suppose, to the contrary, that there exists ¢ € N such
that ¢ > b+ 1, a; = B; = 0, and x; < T;(u). By individual rationality,
a; = f; = 0 implies x; > e;. Since, by Sub-step 2-2, 1 > Tpy1(u), it holds
that

Tpp1 — €pr1 > Tpr1(uw) — eppr = Ti(u) —e; > x; — e,

which is incompatible with Lemma 5. O]

Sub-step 2-6. For any i € N such that i > b+ 1, it follows that x; > T;(u).

Proof of Sub-step 2-6. Suppose, to the contrary, that there exists ¢ € N such
that ¢ > b+ 1 and z; < T;(u). By Sub-step 2-5, we assume that wu; is other
than a; = ; = 0. Let i € N be such agent whose number is the smallest. Let
@; € U be such that & = f; = 0. Denote f(f;,u_;) = &. By the induction
hypothesis, we have & = T'(4;, u_;). Since T'(u) = T'(4;, u_;), it follows that

We claim that for any j < ¢, ; > x; and z; > £;. By Sub-step 2-2, 2-3,
and 2-4, for any 7 < b+ 1, it holds that

l'j Z Tb+1<u>.
Then, since Tpy1(u) > Ti(u) > x; and Ty (u) = Ty (U, u_y) = T (0, u_y) =

Z;, it follows that
Tj > T and Z; > [i’j.

By the way of choice ¢, for any £ € N such that b+ 1 < k < ¢, it holds that
x> T(u).
Then, since Ty(u) > Tj(u) > z; and Ti(u) = Ty (0;, u_;) = &y, it follows that
T > x; and x> Tk.

Hence, for any j < i, we have x; > x; and x; > ;
By Lemma 1, we have

ui(i")zﬁsi(l—ﬁi)—ﬁini1@—(%%&-)% > (&) = &) + Bi—
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and

1 1 1
wi(z) =x;(1 — B;) — ﬂin — 1mz~ — (g + /Bl)m Z (z; — ;) + ﬂim'

jeL,- (a:)

Note that {1,...,7 — 1} C L;(x), because for any j < 4, x; > z;. Then, we
have

. " L
ui(@) —wilr) = (& =21 = B) = Bi— (& — z)
1 . . 1
—(ai +Bi)— > (@ — @)+ (it Bi)— > (@ — )
je{1,...,i—1} JjEL;i(x)
1
= (@ —x)(1=5) =G L — @
(b~ 21 = 60) = i (3 — )
1 . . 1
—(a; + 5i)m Z (&) — &) + (s + ﬁi)nT Z (zj — ;)
GE{2,i—1} JELi(x)\{1}
L. .
_(az + Bz) _ 1(x1 - xz) + (az + Bz) 1 ($1 - xz)
Since, for any j < ¢, x; > &, it follows that
1 . R 1
_(ai—{-ﬁi)m . Z (ij—xi)—F(Oéi—Fﬁi)m ‘ Z (xj—x,-) ZO
JE{2,..1—1} JeLi(z)\{1}
Since we have
. 1. . 1
(xi—xi)(l—ﬂi)—ain_ (xl—xi)—i-ozi — ($1—$¢>>0
and
Bt (= ) = i (1 — )+ i (1 — ) 2.0
—Pi Ti — i) = Pi L1 — &4 i T — &) =2 Y,
—1 n—1"" n—1""
it holds that
wi () — u;(x) > 0.
However, this contradicts strategy-proofness. O]

Sub-step 2-7. For any i € N, it follows that x; = T;(u).

Proof of Sub-step 2-7. By Sub-step 2-2 and 2-3, for any i € B(u) such that
B; = %=L it follows that

z; = Tpp1 > Topr(u) = Ti(u).
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By Sub-step 2-4, for any i € B(u) such that 8; > =%, it also follows that
By Sub-step 2-6, for any ¢ € N such that ¢ > b+ 1, it holds that

Since, for any i € N, we have x; > T;(u), by feasibility, we have the desired

result. O]
Thus, Step 2 is completed. m
Therefore, Theorem 2 is valid. O
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