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On a Metric Space of Compact Convex Fuzzy Sets
with General Set Representation *

Tokuo Fukuda®

Abstract

In this paper, the author investigates a metric for a class of fuzzy sets, where
fuzzy sets are represented by the general set representation approach.

First, based on the general set representation approach, the definition of fuzzy
sets is presented from the consistent viewpoint of multivalued logic. Next, a metric
for a class of fuzzy sets is introduced. Finally, inspired by the recent excellent
researches, especially Kritschmer(1, 2], the properties of the metric space of fuzzy
sets are investigated theoretically.

Keywords: fuzzy set, general set representation, metric space of fuzzy sets, multi-
valued logic

1 Introduction

The purpose of this paper is to study a metric space for a class of fuzzy sets, which
will become a basic tool for defining fuzzy random vectors proposed and intensively
investigated by the author{3, 4, 5, 6, 7].

Section 2 is devoted to review the basic properties of the space for non-void compact
convex subsets of Euclidean space. The support functions for those subsets are reviewed
in Sec. 3, and the metric is introduced by using support functions.

A general set representation approach is adopted in Sec. 4 for defining fuzzy sets,
where the viewpoint of the multi-valued logic is persistently maintained. Then, extending
the metric defined for the non-void compact convex subsets, that for the space of fuzzy
sets is introduced in Sec.5, and its some properties are investigated theoretically.

2 Space of Compact Convex Subsets of R"

Let R” be the n-dimensional Euclidean space. Then, it is well-known that R” is a real
separable Banach space(complete metric space) with the norm

(ST

Jlx]| = {‘sz} 2.1)
i=1
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for any point x = (x1,xz,--+,x,) of R". Here, we shall adopt particular notation for
certain classes of subsets of R” as follows:

Po(R") = {the family of all nonempty subset of R" }
Kpg(R") = {the family of all non-void bounded subset of R" }

Kcc(R") = { the family of all non-void compact convex subset of R"}.

Then, Minkowski addition and scalar multiplication between the subsets A and B in
Po(R™) are defined by

A+B= {a+b}a €A,b eB}
r-a={ alaca},
and they are closed in K.(R")(see e.g. [8, 9, 10].) The Hausdorff distance between A
and B is given by
an(4,5) = mx {sup nfla ], swpinfla—] . 22
where || - || is the Euclidean norm defined by (2.1). Then, it can be shown that the Haus-
dorff distance has the following properties[9];
du(A,B) > 0 withdy(A,B) =0 ifandonlyif A=B
du(A,B) =dp(B,A)
dH(AvB) < dH(A>C) +dH<CaB)
for A, B and C in K .(R"). The magnitude of A € K..(R") is defined by
1All# = du(A,{0}) = sup |al. 2.3)
acA

Here, ||A|| is finite and the supremum in (2.3) is attained when A € K..(R") and it
follows that

IA-Allg = MAlla
forallA >0 and A € K (R"). In addition, we have
Az — 1Blla| < du(A,B)

for all A, B € K..(R"). Thus we can think of the magnitude (2.3) as a Lipschitz function
|- llz : Kee(R") — R

Sequences of nested subset in (K¢.(R"),dy) have the following useful intersection
and convergence properties{1, 8];

Proposition 2.1. Let A; € K (R")(i = 1,2, ) satisfy
wee C MG C e An T Ay
Then, we have
A ={)Ai € Kec(R")
=1

and

dy(Ay,A) — 0 as n — oo, 2.4)
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3 A Metric Space K..(R")

Let here A be a nonempty subset of K..(R"). Then, the support function of A is defined
by

sp(x,A) = sup{ (x,a) ' ae A}

= sup{ix,'-ai

i=1

a:(al,-~~,a,,)'€A}

for all x = (x1,---,x,) € R", where the supremum is always attained and hence, the
support function sp(-,A) : R” — R is well defined. Indeed, it satisfies the bound

Isp(x,A)| = [sup{(x,a) :a € A}
Sﬁ:gllel‘lIali=IlAHH'HXH forall xeR"

and is uniformly Lipschitz with
Isp(x,A) —sp(»,A)| < Al - lx—y| forall x,yeR". G.D
In addition, for all x € R",A and B € K. .(R")
sp(x,A) <sp(x,B) if ACB
and
sp(x,AUB) < max{sp(x,A),sp(x,B)}.
The support function sp(x,A) is uniquely paired to the subset in the sense that
sp(x,A) = sp(x,B) ifandonly if A=B

for any subsets A and B in K.(R")(see e.g. [8]). It also preserves set addition and
nonnegative scalar multiplication. That is, for all x € R",

sp(x,A A+ -B) =X -sp(x,A)+ L -sp(x,B) (3.2)

ford,i >0andA,B e K. (R"), ie., {sp(-,A)|A € K. (R")} is a positive convex cone[11];
and, in particular,

sp(x,A+{y}) = sp(x,4) + (x,y) (3.3)
for any y € R";

sp(x,A-A) =X -sp(x,A) 3.4

sp(A -x,A) =X -sp(x,A) (3.5)

forany A > 0; and subadditive, i.e.,

sp(x+y,A) <sp(x,A) +sp(y,A4) (3.6)
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for all x,y € R". Moreover, combining (3.5) and (3.6) we see that sp(-,A) is a convex
function, that is, it satisfies

sp(Ax+ (1 —1)y,A) <X -sp(x,A) + (1 —A)sp(y,A)

forallx,y e R" and A € [0, 1].
It is also known that the Hausdorff metric given in (2.2) is related to the support
function for subsets A, B € K .(R") by

dy(A,B) = sup { Isp(x,A) — sp(x, B) llx e S”‘l} 3.7)

where $"~! = {x € R": ||x|| = 1} is the unit sphere in R"(see e.g. [12]).

Let ("1, B(S" 1), gi-1) be the Lebesgue measure space, where B(S""!) is the -
algebra on $"~! and g1 be the Lebesgue measure on S*7! (fg-1(S""!) = 1). Since
the support function sp(x,A) for any subset A € K .(R") satisfies the Lipschitz condition
(3.1), it is continuous with respect to x € $*~! and hence sp(x, -) is B(S"~!)-measurable.
Then, the Steiner centroid 6 (A) of an A is defined by

S(A) = n- / x-5p(x,A) dptgrs(v), (3.8)
Jsn=
where the existence of (3.8) is guaranteed by the boundedness of |x-sp(x,A)| < [|Allg <
+oo(see e.g. [8] and [13]). For any A € Kc.(R") the Steiner centroid 6 (4) satisfies[14]
6(A)eA and o(—A)=—0(A),

and since sp(—x, —A) = sp(x,A), it follows that 6(—A) = —c (A). Hence, if A is sym-
metric with respect to the origin, that is if —A = A, we have 6 (A) = 0. Moreover, when it
is considered as a mapping G : K.(R") — R”, the Steiner centroid is linear(see e.g. [14])

c(0A+PBB)=0ac(A)+po(B)
forall A, B € K.(R") and &, € R, and Lipschitz continuous with Lipschitz constant #;
lo(4) —o(B)l <n-du(A,B).

And also, for each convex set, the set AY = A —G (A) has its Steiner centroid at the origin,
ie.
c(A%) =6(A—c(A)) =0.
The Steiner centroid is a very useful tool in the theory of convex sets.
Every support function sp(-,-) of a non-void convex compact subset of R” is contin-

uous and bounded, in particular [Lg.-i -integrable of order p € [1,+e0) and bounded with
respect to [Le:—1, which enables us to define the metric as follows;

1

S9(4.8) = ( [, lp(o) =90 B) Pz () 39)

for any A,B € K..(R") and the some fixed p € [1,+e0), where the existence of (3.9) is
guaranteed by the boundedness of sp(x,A) and sp(x, B). From (3.7) we immediately have

Sp(A,B) < du(A,B)
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for all A, B € K..(R"). Furthermore, it is known that
dy(A,B) < ZSP(A,B)
if n = 1, and there exists some positive constant C,, such that
du (A’ {0}) < CHPSP (A> {O}) (3.10)

for arbitrary A € K.(R")(see [15]).

4 Fuzzy Sets with General Set Representation Approach

In this paper, fuzzy sets in R” are defined by using the general set representation approach.
A fuzzy set U as the vague perception of u, € R" is defined by the triple

7= <R”, [ﬁ],s[,) @.1)

with _ B
0= { 101
where R” is the n-dimensional Euclidean space called the basic space; s;; is the predicate,

ie., sg: R" — P with P the “universe of discourse” defined by a set of statements, which
assigns a proposition

oe 1}, 4.2)

sg(x) = {x coincides with uO} 4.3)

to each element x € R"; and [U] = {[U]q|o € I} with [ = (0,1] is the family of subsets
of R” satisfying L _
LoU C[Ulg CLgU  forany o €1,

where Loﬂ and Laﬁ are the strong cut(strong level set) and the level set of U at the level
o defined respectively by

Lol = {xl (x e RN A ((0)(x) > oc)}
and
[0 = {xl (x e R A((D)(x) > (x)} :

where (U)(x) is the membership function of U given by
(O)(x) = 1(s(x) (4.4)

and () in (4.4) is the truth function of * in the sense of multivalued logic[16]. The
crisp point i, in (4.3), the vague perception of which gives the fuzzy set U, is called the
original point of U.

The set representation of a fuzzy set (4.2) satisfies

O<a<P<l=[UlCl.CR,

and _
(0)(x) = sup{oc ’(oc eNAxe[D]a) }
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The families of the level sets and the strong cuts, i.e., {LgU|oe €I} and {LoU |0, € I} are
themselves the set representations of U, and they are the lower and the upper bound of
set representations of U. It can be also shown that[17, 18]

LU = U [(7][3 fora €{0,1)
pe(a,1)

and

In this paper, we restrict our attention to the following family of fuzzy sets.

Definition 4.1. The family of fuzzy sets is denoted by F(R"), whose element U satisfies
the following conditions:

(i) The closed convex hull 0[U)q, where [U]g, is any element of the set representation
[U] of a fuzzy set U, is compact subset of R";

(i) co[U]q (o € 1) is piecewise left-continuous with respect to the Hausdorff metric
dH, i.e.,

ll}i%ndH(C_G[U]B,EG[U]a) =0 4.5)
o

except for some finite points 0 < 0 < Oy < - < Oy < 1 0f L.
(i1)) The original vector i, of U satisfies

Uo € supp. (7, 4.6)

where supp. U is the support of U defined by

supp.U = el U Eb‘[ﬁ]a). 4.7

ael

Furthermore, Fyq(R”) is the family of all fuzzy sets in F(R") such that supp. U is compact.

S A Metric Space for a Class of Fuzzy Sets

The concept of support function for a nonempty compact convex subset of R”, introduced
in Sec.2, can be usefully generalized to the fuzzy sets in F(R"). The support function of
the fuzzy set U € F(R") is given by

0 for o, =0
o5(a,x) = (5.1)

sp(x, 5[0 ]o) = sup{ (x, u)’u e E‘o‘[ﬁ]a} for o € (0, 1].

It can be easily shown from (3.5) and (3.6) that the support function @; is continuous
with respect to x € §"~!, positive homogeneous, i.e.,

@g(0,A -x) =LA @g(a,x) for A >0, xeS" " ateacha € [0,1],
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subadditive, i.e.,
Qg (0t x1 +x2) < p(at,x1) + 95 (0, x) for xp,x € 8"}
at each o € [0, 1]; and nonincreasing, i.e.,

og(a,x) > @z(B,x)

ateachx € 5" ! where 0 <o < B < 1.

Let (R, B, ) and ([0,1], B 1}; Kjo,1)) be the measure spaces, where B and By ;) are
the ¢-algebras on R and [0, 1], respectively, and 1 and Mjo,1) are their Lebesgue measures.
Then, the following property is confirmed:

Proposition 5.1. Let U € F(R"). Then, ©5(:,+) is Byo 1) @ B(S"~!)-measurable, and if
U € Fypa(R"), then @ is integrable of order p for every p € [1,+o0).

Proof. It can be shown from (5.1) and (3.7) that

|95 (0t,%) — 03 (B,x)| = |sp(x,e0([U]o:) — sp(x, (U g |
< dy (€06[Ul«, colU]p)

hold for o, € I and x € §*~'. Since @[U]q (o0 € I) is piecewise left-continuous with
respect to the Hausdorff metric dy, it follows

lim g (0t,x) - ¢®>v%mwwumme=o (52)

except for o = 01,0, -+ , O This means that @z (o, x) is also piecewise left-continuous
on o, € I for every x € §"~!, and with its non-increasing property we can conclude that
¢ (o, x) is piecewise upper semi-continuous on o for every x € §"~1,

With the piecewise upper semi-continuity of @z shown by (5.2), we know that @z (-, x)
is Byy,1)-measurable for any fixed x € §"=1. The support function 95(o,x) is obviously
continuous with respect to x for every o. Then, we can conclude that (pU( )is B 0,1 ®
B(S"!)-measurable[19]. Furthermore, from the condition of Fog(R"), if U € Fug(R"), it
follows

|9g(0n,x)|7 < dp (€0[U)e, {0})” < dzi(supp U, {0})F < +eo. (5.3)

Hence,
[ 105(@. 001 diog (@) S tgi (5) < 4, 54
which means that @ is integrable of order p. O

We denote the family of fuzzy sets by FP(R"), each element of which is a member of
F(IR") and its support function @ is integrable of the order p with respect to g, 1] ® tgr-1 -
From (5.3), it is clear that

Foa(R) C F(R")

for any p € [1,~+c0). For A, > 0 and U,V € R(R"), we have

0 for . =0

(1 .~(aax) = e o
ey sp(x,Co[A -U+n-Vl]g) for a el
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Since it can be shown that(see e.g. {17, 18])
A -T+n-Vig =2 [Oo+p- [V,
and (see e.g. [9])
O - [Ulo+ 1+ [V]a) = A -€0[Uo + 1 - €[]«
forany @ € I and A, . € R, Then, using (3.2), it follows
<px_[7+u.‘7(oc,x) =A-Qz+u-9y; forany a€l,xe S Land A,p > 0. (5.5)

Then, we know that the mapping U — @ is an isomorphism of F(R") onto a positive con-
vex cone of By ;@ B(S™!)-measurable functions, preserving the semi-linear structure
(5.5)[111.

Applying Fubini’s theorem(see e.g. [20]), we can write

[ a0 dig (@ @ng (= [ [ (05(00)" g y(@) diiger ()

for any U € F?(R") and p € [1,+o0). Then, the quantity p,(U,V) for any U,V € F?(R")
is defined by

P

00(0.7) = ( [ 10500~ g5(c.)P dhio @) S 1 1))

) </01 /S' |05 (0,%) — 07 (0, )" dbtpo () bt (x)) F

- ([ (el 70 a0

where (3.9) has been used. Then, the symmetry of p,, is obvious, p ,,(ﬁ ,U) = 0 for every
U € FP(R"), and the triangle inequality is proved by Minkowski inequality, i.e.,

. 1 v
@70 = ([ [, 1950 = 0p(0. 0P dis (@) s ()
1

< (., G0(an) - 0 001+l (025) = g5(0,0)” dio (@) ditg1(2))

1 :
< (] . tog(0nn) 03 (0P di @) s 1)

1
P

1
" </o /S"-l |95 (0,2) — o (0, )17 dipp 1y (o) s (x)>
= pp(T, W) +p,(W,V)

for any U,V,W € FP(R"). Furthermore, let U,V € FP(R") with pp(ﬁ, V) = 0. Then, we
have
07 (0,%) = @y (0, %) = Py (01, %) = Pg55(01, %)
= @y (0, x) = @, 7(0t,x) = @ 7 (0,x) = o5 (A, x)  as. WLt fig ) ® L1,
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and this is a equivalence relation ~. Hence, we can define the quotient set as follows:
FP(R") =FP(R")/ ~

Then,(F?(R"),p,,) is a metric space. The quotient metric space Fpg(R?)/ ~ is also de-
fined by

Proposition 5.2. F,q(R") is a dense subset of FP(R") for any p € [1,+0).

Proof. Let U € FP(R") and {@, € Fpa(R")|m = 1,2,--- } be a sequence of fuzzy sets,
where the set representation of U, consists of

~ ~ 1

[Unla« =[U]1 for 0<a < —

m m

and

~ 1
[Um]ot = [U]a for E <a<l.

Then, using (3.7) we can evaluate p ,,(17 ; l7,,,) as follows:

pol@,0n = [ /S”ll%om 95, (06 DIP dgo (0)diige-r(x)

/ hys 1, ()7 dig g (0), (5.6)

where B B
dp (To[U]q,C0[Un)e) for O0<a <1,

hy g, (@) =
' 0 for o =0.

Let {V,,|m =1,2,---} be a sequence of fuzzy sets in F7(R™) with the set representation
such as _ _
Ve =[U]s for O0<a <1,

m

Then, from (5.6), it follows that

Pp(U Um / 1 h~~ (OL) le’Ol}( )

] .
. ,—n] we obtain

Since &[V], is a subset of co[U], for every o € (0

m

111457, (O < 1205 0 (@) < C8,(T, {0})”,

where C,, is a some positive constant determined by (3.10) and 5,(U,{0})? is integrable
with respect to W jj. Furthermore,

,,l,i_r&l[%](a)hﬁﬁn(a) =0 for avel.
Hence, applying Lebesgue dominated convergence theorem(see e.g. [20]), we can con-
clude

lim p,(U,Uy) =0.

m—ee
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Proposition 5.3. Fy(R") is a separable metric space for any p € [1,4-c0).

Proof. Taking any U € Fpq(R") and € > 0. Since supp. U is compact, there exists a
minimal cover {E;} of cubes

E,'= [aij,b,'j), i=l,2,---,r
j=1
with a;;, b;; rational,
e - n
0<bl~j—a,~j<m and supp.UQizulE;.

From the compact property of co[U]q for each o € I, T6|U]y, has a minimal subcover
{Ej(a)} of {E;} such that
Ula C |J Ei(a)

i{o)
Write

Vi = (supp.U) N (UE)

Note that

¢]

dy (supp.U,| JEi) < T dy (€00, | Eiwy) <
i=1 i(o)

IS

and also that

VA,UE <
i=k

Alm

Set here

o = sup{(x’ (T[U]e) N (cl. E;) # 0,00 € I}

and relabel Ey,Ep,--- ,E, sothat 0 = ag < oy < -+ < @, = 1. Define the fuzzy set @
whose set representation is given through

,
[@le = JE for oy <o <oy, k=1,2,---,r

For any o € /, there exists 1 <k < r so that o1 < o < 0. If k is the largest integer
such that _

(supp.U)'NE; #0
fori=1,2,--- k, then

dﬂ(w[ﬁ]av [(I)} ) <

N

Ifoy_ =0 < oy,

dy (€[00, [@)a) = dH([ﬁ]akﬁx-/UEi) =
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and similarly if 0} < @ = 0,
dp (@00, [®lo) = d (€60, JE) <
For o1 < a0 < 0,
dn(c0U)q, [@]a) = d (TO[U a,UE) <2 max dlam(E) <

i=k

Furthermore, we have

dy([®]a,e0[®]e) < o dy UE,, co(UE)) S%
i=k
Thus
- 1 P
o 0:8) = ([ [ l0g(0n) = 05(@n)” day (@) 13
< (] au(eol0e, l81a)” (@)
! %
< (] (dntoolBle, )+ (B, 81))” a0
< ([ duteol0la, [Bla)” du, M);
([ (Bl 0B (@)’
B
Now let ]
M > 4(r — V)diam(| ) E;).
i=1
Fori=1,2,---,r, relabel a,0y, -, a, and exclude duplicates if necessary, so that

O0<opy<oy <oy <+~ <Oy =1

with s < r. If o is irrational, choose P; rational such that

ep

M,,}<B,<oc,

max {(X,:d] , Ol —
and if o is rational, set B; = ;. Define W € Fpq(IR”) by its set representation [¥/] with

N
g = JE for Pro1 <B <P, k=1,2,--- s
=
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Then, it follows

1

</°1 /S‘ [P (%) — 0 (0, 1)]” oy (@) dprgr (x)) p

pp(§7‘§)

I

< ( [ (@1l o117 du[o,u(“))p

1
P

< <:le /a (dH(ﬁ[Cf;]a, 55[\?]@)1) du[o,l](a))

Finally, we have

7 \p T = e 38 ¢
pp(0.F) <pp(U,8) +pp(B,F) < -+ =¢

and the the result follows. o
For every p € [1,4e0), we can embed F?(R") isomorphically into the L”-space
Jereny: FP(R) = 12(10,1] xS"™), ey (0) = 9, (5.7)
satisfying
1. jrr(re) Is injective,

2.

jFl’(R")(U + V) - j]F/’(R”)(ﬁ) + ]FP(Rn)(‘A})
for U,V € FP(R"), and

Jeony A -0) =L+ jrony(0)
for U € FP(R") and A > 0.

Proposition 5.4. For every p € [1,+4<0), (FP(R"),p,) is a complete separable metric
space.

Proof. Propositions 5.2 and 5.3 show that Fy,q(R") is a dense subset of (F”(R"),p,) and

(Fpa(R™),pp) is separable, (F7(R"),p) is also separable. Therefore, it remains to prove
the completeness of (F”(R"),p).

Let {U,, € FP(R");m = 1,2,---} be some Cauchy sequence and let Jre(rry be the
embedding of FP(R") into L”([0,1] x §"~!) given by (5.7). Then, { j]Fp(Rn)(ﬁm);’n =
1,2,---} is a Cauchy sequence with respect to the norm || - ||, defined by

HJ}FP(R")(ﬁ) - jF!’(R")<‘7)i|p = pp(U,V)
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for arbitrary U,V € F?(R"). Since (LP([0,1] x 8"=1), || - I,) is a Banach space, there
exists some f € L?([0,1] x 1) with

Jim W @)~ 1, =

Applying Fubini’s theorem, we can find some Hio,1j-null set N and a subsequence { ﬁw(,”);
m=1,2,---} with

lim D
m-—co S"“‘} Uy my

(0,x) = f(0,2)|” dptgn-1 (x) = 0

for oo € I\ N. Using Minkowski’s inequality, we have

</ 1%z (%) = f(e,x)]? dpigeey <x>> |

>

»
(/gn'] |(DL7\‘I(M) (G,X) - q:)lj\ll(f) (G.,X) |p dus"*l (X))
]

Hence, setting m, £ — oo, it follows

1

</S""* |Sp(m[fj\y(n;)]a - Sp(ﬁ[ﬁw(@}al’) dign- (x)) ’

= Sp(@[U\{/(m)]aﬁ[U\y(nl)]) - 0>
which means that {Eﬁ[ﬁw(,,z)];m =1,2,---} is a Cauchy sequence with respect to the
metric 8, for for o € 7\ N. Hence, due to the completeness of the space of non-void
compact convex subsets of R” with the metric 8, there exists a non-void compact convex
subset Kq for every o0 € I\ N with

1im 8,(5[0yy (), Kar) = 0. (5.8)

o0

Drawing on Theorem I1-2 in [21], it can be shown that

Ko = ﬁ cl. (U E[ﬁ\y(ﬁ)]a) C ﬁ cl. <U E[ﬁ\v(é)]ﬁ> = KB

me=1] i>m m==] >m

for0 <P <o <landa,B €/\N. We can define a system of bounded subsets {€o[U] |0t €
1} by
66[(]]@ = ﬂ KB)

Be(O.an\WV
satisfying co[U]q C @[(7]3 for0 < B <o < 1. Forafixed x € Q"NS""!, the real-valued
mapping ¢, on I defined by

¢x(a):{sp(x,§x) fora. e I\N
sp(x,co[U]y) foroenN
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is increasing. Hence, there exists some at most countable set N, C I such that the restric-
tion ¢x|7 \ Ny of ¢, to I\ Ny is continuous. Then, defining

N=N [J N,
XEQ"ﬂS"“

every mapping ¢,/ \ N for x € Q"N S*! is continuous.
Leto € I\ N and € > 0. Since the support function of a compact convex subset of R”
is continuous, we can find

max { sp(x, Ka) = 50, Ka )1, [sp 2, 0{0) — sp(,0(Ta ) } < -

Moreover, there is an monotone increasing sequence {a, € I\ N;m = 1,2,---} converg-

ing to o.. According to
Ko € @0[U]a C Ka,

forn=1,2---, it follows that
0x(0ta) = 5p(x, K, ) 2 5p(x,C0[Ux) = sp(x, Ka) = 0u(t).
Therefore, sp(x, Ko) = sp(x,56[U]q ) due to the continuity of o)1\ N, and

Isp(x, Ko ) — sp(x,80[U]a)| < |sp(x,Ka) — sp(y, Ka)| + [sp(¥, K.) — 5p(x,50[U]a.)|
<e.

Hence, we have _ N
ﬁ[U](x = Ka and 6P(KQ7E{U}(1) - O (59)
for o € I\ N. Then

w0l = () (0]

Be(0a)
follows immediately since a € / \ N is a dense subset of [0,1], and using Proposition
2.1, it can be shown that {To[U]|ow € } is left-continuous, which means it satisfies the
condition (ii) of Definition 4.1. Then, we can consider that [U] = {[U]q|ot € I} is a

set representation of a fuzzy set Ue F(R™). Finally, in view of (5.8), (5.9) and using
Minkowski’s inequality, we can conclude that

(T, ) = (/ 9 (0t%) — (0, 0)|? dlvlS'l-i(x))

|

< (/01 Sp(ﬁ{ﬁm]oc, Ka)? dMO,l}(“)) ’

(/ 8p(Ke, 20U ) ditpo, (0‘))

~—+{0 as m — oo,
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The Steiner centroid of a nonempty compact convex set is also generalized to the
fuzzy sets in F2(R"). It is defined as follows:

. 1
(@ =n- [ [ x05(0.) dug,) (@) dus-i (3):

The Steiner centroid for fuzzy set U € F?(R"), 6 (U) satisfies 6(—U) = —c(U). The
Steiner centroid for fuzzy sets in F2(R") preserve the linearity

c(aU+bV)=a-c(U)+b-c(V)

for a,b € R,U,V € F*(R"), and U° = U — 6 () is centered so that 6 (J°) = 0 holds.
The space (F?(R"),p») is isomorphic to a closed convex cone in the Hilbert space
L,([0,1] x 8”1} equipped with the inner product

o 1
U,v)= /0 ny 05(% 1) - 030, p) ditgo, ()i (x).
Furthermore, for the metric p; we have the following properties:

(i) The Steiner centroid is a characteristic point of a fuzzy set in the sense of
in { p2({a}, 0)| a € R"} = pa({c (@)}, 0).

(i1) Furthermore o o _ B
p2(U,V) =po(T°, V) + |6 (U) — s (V)|1%,

where o (U) is the Steiner centroid of U and U = U — o (U)(analogous V0 =V —
o (V).

6 Conclusions

In this paper, the author has investigated a metric space for a class of fuzzy sets, where
fuzzy sets are represented by the general set representation approach.

First, maintaining the viewpoint of the mult-valued log, a class of fuzzy sets has been
defined based on the general set representation approach. Then, a metric on the space of
fuzzy sets has been introduced, where the distance between two fuzzy sets was defined
by using the support functions of fuzzy sets. Furthermore, it has been proved that the
proposed metric space is complete, separable one, which will be very useful properties to
study fuzzy random vectors proposed by the author[5, 6, 7].

It should be noted that all the results in this paper are inspired by the results given by
Kritschmer|[1, 2].
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