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On a Metric space of Compact Convex Fuzzy Sets

　　　　with General Set Representation＊

Tokuo Fukuda↑

　　　　　　　　　　　　　　　　　　　Abstract

　　In this paper, the author investigates a metric for a class of fuzzy sets, where

fuzzy sets are represented by the general set representation approach｡

　　First,based on the general set representation approach, the definition of fuzzy

setsis presented from the consistent viewpoint of multivalued logic. Neχt,a metric

for a c!ass of fuzzy sets is introduced. Finally,inspired by the recent eχcellent

researches, especially Kratschmer[1, 2], the properties of the metric space of fuzzy

sets are investigated theoretically.

Keywords: fuzzy set,general set representation, metric space of fuzzy sets,multi-

valued logic

I　Introduction

The purpose of this paper is to study a metric space for a class of fuzzy sets, which

will become a basic tool for defining fuzzy random vectors proposed and intensive!y

investigated by the author[3,4,5,6,7]｡

　　Section 2 is devoted to review the basic properties of the space for non-void compact

convex subsets of Euclidean space. The support functions for those subsets are reviewed

in Sec. 3, and the metric is introduced by using support functions.

　　A general set representation approach is adopted in Sec. 4 for defining fuzzy sets.

where the viewpoint of the multi-valued !ogic is persistently maintained. Then, eχtending

the metric defined for the non-void compact convex subsets. that for the space of fuzzy

sets is introduced in Sec.5, and its some properties are investigated theoretically.

2　Space of Compact Convex Subsets of mn

Let IB'!be the n-dimensional Euclidean space. Then, itis well-known that K”is a real

separable Banach space(complete metric space)with the norm

(2.1)
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一巧4 － 追手門経済・経営研究

for any point xニ(χi,χ2)‥≒恥)' of M“.　Here, we shall adopt particular notation R〕r

certainclasses of subsets of R″ as follows:

　　　　　？o(K″)ニ{the family of allnonempty subset of R″}

　　　　　Kbd(K″)= {the family of allnon-void bounded subset of R″}

　　　　　Kcc(r”)ニ{ the family of allnon-void compact convex subset of K”}.

Then, Minkowski addition and scalar multiplication between the subsets A and B in

To(R”)are defined by

八十B＝{a十b a∈爪か∈召}

　λ･A＝{λ,aﾄ∈Å}，

and they are closed in Kcc(M“)(see e･g. [8, 9, 10].) The Hausdorff distance between A

and B is given by

而(パ)= max{臨首卜礼恋恋|卜列卜　　　(2.2)
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where l目I is the Euclidean norm defined by (2.1). Then, it can be shown thatthe Haus-

dorff distance has the fol!owing properties[9];

　　　　　　　　伽(Å丿)≧O ■withdH(A,B)＝O if and only if A ＝B

　　　　　　　　面(爪剛＝伽(耳Å)

　　　　　　　　面(A萌≦dH(爪C)十面(C萌

forA,召and C in Kcc(R″).The magnitude ofAe Kcc(K″)is defined by

　　　　　　　　　　　　　　||A脳＝面{A,{O})＝sup||ヰ　　　　　　　　　　　(2.3)

　　　　　　　　　　　　　　　　　　　　　　　　α∈A

Here, Åh is finiteand the supremum in (2.3)is attained when A G Kcc(K")and it

follows that

　　　　　　　　　　　　　　　　　||λ･A＼＼h＝1＼ﾚ4||冑

for allλ≧O and A6Kcc(M勺.In addition, we have

　　　　　　　　　　　　　　　||㈱叫り川副≦面帆絢

for allÅ,BGKcc(M町Thus we can think of the magnitude (2.3)as a Lipschitz function

|目＼万:。。(K”)→M+･

　　Sequences of nested subset in (Kcc(K”),μ)have the following useful intersection

and convergence properties[1,8];

Proposition 2.1. Let 心G Kcc(M″)(i＝1,2, ■‥)satisfy

　　　　　　　　　　　　　　　…⊆馬⊆‥・⊆Å2⊆Å^･

Then, we have

and

ｙ
（
□
E

　
＝

尚/(Å。,Å)→0

A ^ V (IB勺

as n→oo. (2.4)
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3　A Metric Space K(�n)

Let here Abe a nonempty subset of Kcc(M").Then, the support function of A is defined

by

sp(x,A)＝sup{(x洲ﾚ∈Å|

ﾆsup

I χ4刄゛両

a ＝(ai,‥･,a,,)'eA>

for all x ニ(xi,-‥,x,よe R'≒where the supremum is always attained and hence, the

support function sp(･丿):R"→R is well defined.Indeed, it satisfiesthe bound

　　　　　　　　|sp(x,A)| ＝|sup{(x,a):aeA}｜

　　　　　　　　　　　≦sup ||x||-Hal|＝＼＼A|＼h-圖l

and is uniformly Lipschitz with

for all　x ER″

　　　　　　　　sp(x,A)－sp(y,A)ドい|レμ－yW　for all　x,yeM”.　　　　　(3.1)

In addition,for allx GK",Aand召Kcc(皿“)

　　　　　　　　　　　　　sp(x,A)≦sp(x,柏　if A⊆j

and

　　　　　　　　　　　　sp(x,AU召)≦max{sp(x, A), sp(x,B)}。

The support function sp(x,/4)is uniquely paired to the subset in the sense that

　　　　　　　　　　　sp(x,A)＝sp(x,B)if and only if A ＝B

for any subsets A and B in Kcc(M”)(see e.g.圖). It also preserves set addition and

nonnegative scalar multiplication.That is, for allχER'≒

　　　　　　　　　　sp(x,λ･A十|a一B) ＝λ・sp(x,川十i^・sp(x,B)　　　　　　　(3.2)

for A,,10,≧OandA丿eKcc(K”),-e.,{spしÅ}|ÅGKcc(M”)}is a positiveconvex cone[1]];

and, in particular,

　　　　　　　　　　　　　sp(x,A十{y})＝sp(x,Åト(xげ)　　　　　　　　　　(3.3)

for any y ER″;

　　　　　　　　　　　　　sp(x,λ■A)＝λ･sp(ズ,Å)　　　　　　　　　　　　　　(3.4)

　　　　　　　　　　　　　sp(A, 宍Å)＝λ■ sp(x,A)　　　　　　　　　　　　　　(3.5)

for any λ≧0; and subadditive,i.e.,

　　　　　　　　　　　　　sp(x十y洲≦sp(x,Aトsp(y,Å)　　　　　　　　　　(3.6)
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for allx,y G E". Moreover, combining (3.5)and (3.6)we see that sp(･,A卜s a convex

function, thatis,it satisfies

　　　　　　　　sp(λx十(l－λ)yノ)<λ･sp(x刈十(l-λ)sp(y,A)

for allx,jGE″ and λ∈[0,1]，

　　Itis also known that the Hausdorff metric given in (2.2)is related to the support

function for subsetsA,召eKcc(R″)by

伽(凡召)＝sup I |sp(x,A)－sp(球?)|ﾄeS"‾'] (3.7)

where
i3 ‾
＝伊t M：レ|＝1 }is the unit sphere in E″(see e.g.[12]).

　　Let(5"‾',S(5'‾'),|ac,,-0be the Lebesgue measure space, where 3(5"－')is the 0-

algebra on ‾l and 貼-i be the Lebesgue measure on 5≪‾'(|り-i(S"‾')ニ1). Since

the support function sp(x,A)for any subset A e Kcc(M”)satisfies the Lipschitz condition

(3.1), itis continuous with respect to λ;e 5"－' and hence sp(x, ･)is !B(5"－')-measurable.

Then, the Steiner centroid o(A)of an A is defined by

(紬4)＝心ｽﾞ　x･sp(x,A)印-i(x) (3.8)

where the existence of (3.8)is guai"anteed by the boundedness of |x ･ sp(x,A)l引＼A＼＼h ＜

十oo(see e.g. [8]and[13]). For any A e Kcc(K勺the Steiner centroid <j(A)satisfies[14]

　　　　　　　　　　　　　　卵A)A　and　可一Å)＝－0㈱，

and since sp(一x,－A)= sp(x,A), it follows that o(一A)＝－g(A). Hence, if A is sym-

metric with respect to the origin, that is if 一Å＝A, we have o (A)＝0. Moreover, when it

is considered as a mapping a : Kee(R勺→R“， the Steiner centroid is linear(see e.g. [14])

　　　　　　　　　　　　　　　a(aA十卵)＝aa(A)十恥(B)

for a＼＼A,B Kcc(K″)and a,β∈M, and Lipschitz continuous with Lipschitz constant n:

　　　　　　　　　　　　　　　　||a(Å)一am|≦心面(爪於

And also, for each conveχ set. the setA° ＝Å－a(Å)has its Steiner centroid at the origin,

●l.e｡

　　　　　　　　　　　　　　　　　o(Å")＝a(A－0(A))＝O.

The Steiner centroid is a very useful tool in the theory of conveχ sets.

　　Every support function sp(-,-)of a non-void conveχ compact subset ofE″is contin-

uous and bounded, in particular 卜^n-i-integrable of order pe[1,十∽]and bounded with

respect t0 I^s≪-|，which enables us to define the metric as follows;

ら(A,B)= ﾉﾚ＼sp(x,Aトsp(バ叩貼六(ﾀﾞ)

―
一
ρ

(3.9)

for anyA,B6Kcc(M")and the some fixed戸∈(l丿・・),where the existence of (3.9)is

guaranteed by the boundedness of sp(x,A)and sp(x,B). From (3,7)we immediately have

　　　　　　　　　　　　　　　　　ら征柏≦而征司

No. 14
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for allA,Be KcC(R"). Furthermore, itis known that

dH(A,B) <2SP(A,B)

if n = 1, and there existssome positiveconstant Cnp such that

<to(A,{0})<CBp5p(A,{0}) (3.10)

for arbitraryA G Kcc(M")(see [15]).

4 Fuzzy Sets with General Set Representation Approach

In this paper, fuzzy sets in M." are defined by using the general set representation approach.

A fuzzy set U as the vague perception of u0 G R" is defined by the triple

U=(R",[U])SD) (4.1)

with

[[/]= { [£/]a|ae/}, (4.2)

where R" is the n-dimensional Euclidean space called the basic space; sg is the predicate,

i.e., Sfj: M" ―> V with V the "universe of discourse" defined by a set of statements, which

assigns a proposition

Sjj(x) = < x coincides with u0 > (4.3)

to each element iel"; and [U] = {[f/]a|a G /} with / = (0,1] is the family of subsets

of R" satisfying

LaU C [f/]<xC LaU for any a /,

where LaU and L^U are the strong cut(stronglevel set)and the level set of U at thelevel

a denned respectively by

LaU={x (jteR") A ((£/)(*)>a)}

and

LaU = {x (jteR") A((£/)(*)>a)},

where (U)(x) is the membership function of U given by

{U)(x)=t(Sg(x)) (4.4)

and t(*) in (4.4) is the truth function of * in the sense of multivalued logic[16]. The

crisp point u0 in (4.3), the vague perception of which gives the fuzzy set U, is called the

original point of U.

The set representation of a fuzzy set(4.2) satisfies

0 < a < (3 < 1 => [t/]p C [U}a C R",

and

(L^)(x) = sup{a (aeI)A(x [U]a)＼.
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　　　　　　　　　　　　　　　　　　　　　～　　　　　　　　　～The families of the level setsand the strong cuts,i.e.,{£aび|aG/}and{稲岡a e /} are

themselves the set representations of U, and they are the lower and the upper bound of

set representations off/. It can be also shown that[17,18]

　　　　　　　　　　£丿＝U[f/]p for a G[O雨

　　　　　　　　　　　　　β6(a,l)

and

　　　　　　　　　　　　辿U ＝∩p]p for a e (0,1).

　　　　　　　　　　　　　　　　μ≡(0,a)

　　In thispaper, we restrictour attentionto the following family of fuzzy sets.

Definition 4.1. The family of fuzzy setsis denoted by F(M”), whose element U satisfies

the following conditions:

　(i)The closed convex hull面[U]n，where[a]a is any element of the set representation

　　　[a]of a fuzzy set u, is compact subset ofE″;

　(ii)CO[a]a (a G /)is piecewise left-continuous with respect to the Hausdorff metric

　　　/ふi.e..

　　　　　　　　　　　　　　　　　　　　　　　　～　　　～　　　　　　　　　　　　　　　　　　M沿海[可州β,可び]a)＝0

　　　except for some finitepoints O くai ＜a2く‥･ ＜(臨くlof/.

　　　　　　　　　　　　　　　　　～(iii)The originalvector Mo of U satisfies

　　　　　　　　　　　　　　　　　　　　　　　　　　　　～　　　　　　　　　　　　　　　　　　　　　　MoG supp.C/,

　　　　　　　～　　　　　　　　　　～where supp. [/is the support of U defined by

supp.U ＝cl.[U可が]詐

(4.5)

(4.6)

(4.7)

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　～Furthermore, Fbd(M″)is the family of all fuzzy sets in F(M“)such that supp. U is compact.

No.l4

5　A Metric Space for a Class of Fuzzy Sets

The concept of support function for a nonempty compact conveχ subset of E", introduced

in Sec.2, can be usefully generalized to the fuzzy setsin F(M"). The support function of

　　　　　　～the fuzzy set びe F(R“)is given by

(Pが(もx)ニ

I Sp[X,可が](x)＝supf [X川ﾚ∈可び]づ

for a ＝0

for a e（0,1].

(5.1)

It can be easily shown from (3.5)and (3.6)that the support function (py is continuous

with respect to x eS"‾≒positive homogeneous, i.e.,

　　　　　　9(7(a,λ■x)=λ'^>fj(a･x)forλ≧0, ・e5"‾'･ at each a e｢0,1｣，
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subadditive, i.e.,

-

　　　　　　(Py(a･xi十X2)≦9y(a･xi)十(Py((私洵)for xi･χ2G5"‾'

at each a G[O川; and nonincreasing, i.e.,

　　　　　　　　　　　　　　　％(a,x)≧(P(y(β,x)

at each x gS"－', where O ≦a≦β≦1.

　　Let (R,S,^i) and ([0,1]･s[0,1いt[0,1])be the measure spaces, where B and 3[0,1) are

the 0-algebras on R and [0,1], respectively, and ＼xand|i[0.1]are their Lebesgue measures.

Then, the following property is confirmed:

　　　　　　　　　　～Proposition 5.1. Let U e F(M″). Then, (py(-,-卜sS[0,1]⑧S(5"‾')-measurable, and if

～
びe Fbd(R"), then (py is integrable of order p for every μ∈[1,十∽]．

Proof. It can be shown from (5.1)and (3.7)that

　　　　　　　　脂漏ズ)－(p訴け)|＝|sp(x,co[t/]a)－sp(x,co[ら|

　　　　　　　　　　　　　　　　　　　　　　～　　　～　　　　　　　　　　　　　　　　　　≦dn(可び]a, 面(U]a)

hold for a,B G /and x G S”-'. Since co[[/]a (a e /)is piecewise left-continuous with

respect to the Hausdorff metric dふit follows

　　　　　　　　　　　　　　　　　　　　　　　　　　　～　　　～　　　　　　　　搬和(a,x)－(py(β,x)|≦宗而(可び‰可叫)＝O　　(5.2)

except for a ニai, a2ぐ･■,a,,,.This means that(Py(a･x)is also piecewise left-continuous

on a e / for everyλeS''‾≒and with its non-increasing property we can conclude that

(p(a,x)is piecewise upper semi-continuous on a for every ズe s"－!.

　　With the piecewise upper semi-continuity Of(py shown by (5.2),we know that()y(･,x)

isS[0.1]-measurable for any fixed X 6 5"'‾'.The support function %(a･χ)is obviously

continuous with respect to x for every a. Then, we can conclude that 9c/(v卜sB[0,1] ⑧

S(5"－')-measurable[19]. Furthermore, from the condition of Fbd(�″),iff/(

fo!lows　　　　　　　　　　　　　　　　

心　　　　　　　　｢　　　”　　　　　　　|(pn(a,頑″≦dn(可び‰m″≦而(mpv-ｿﾎﾟ)}″く十Q　　　　(5.3)

Hence,
ｿ|(pQ(a,x)|リμ[o,ii(a)⑧恥-iズ＜十り

(5.4)

which means that 9y is integrable of order p.　　　　　　　　　　　　　　　　　　　　　□

　　We denote the family of fuzzy sets by Fμ(K”), each element of which is a member of

F(M")and its support function fがS integrable of the order 戸with respect t0 M-[0.1]⑧μタ･-i.

From (5.3), itis clear that

　　　　　　　　　　　　　　　　Fbd(R)⊂ノ(M”)

　　　　　　　　　　　　　　　　　～～for any μ∈(i,十∽). Forλ,μ≧O and び,FGF(K")，we have

{

sp(が判λ吊十卜濠仙)

とで:ﾌﾞ

夕－
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Since it can be shown that(seee.g. [17, 18])

　　　　　　　　　　　　　　～　　　～　　　　　～　　　　～　　　　　　　　　　　　[λ･U十μごV]a ―λ一問。十Fい[V]a;

and (see e.g.[9])

　　　　　　　　　　　　　～　　　　　～　　　　　　　～　　　　　　～　　　　　　　　　co(λ・[び]。十トザ]≪)＝λ･側び]a十)i -co[V]a

for any a e / and λ,＼ie M. Then, using (3.2),it follows

　　(pλ･紅炉(cり;)ニλ'(P口十μ'町　for‘any　ae/,xeS"‾^ andλ･μ≧0.　　(5.5)

　　　　　　　　　　　　　　　～Then, we know thatthe mapping び→% is an isomorphism of F(M″)onto a positivecon-

vex cone of 3[0川⑧23(5"‾･ )-measurable functions, preserving the semi-linear structure

(5.5)[H]･

　　Applying Fubini's theorem(see e.g.[20]), we can write

ﾉ(9≪(a,功心胆1仲)⑧μよ'Wﾍｽﾞｿﾚ, (％(“丿)勺μ[鯛剛印ダヤ]

　　　　～　　　　　　　　　　　　　　　　　　　　　　　～～　　　　～～forany びGFμ(限”)and p ∈圃十∽). Then, the quantity PpiU,V)fOT any U,/eFP(限″)

is defined by

ら(u,y)ニ(/癩(a,x)－9rﾝ[a刈りμ0,1]㈲⑧μタ‥(x)
ノ

　　　　ニ
ソ1＼ﾑ

11％((い)‾(pp((い)|″印(鯛佃)印白(り

宍

　　　　-(ｲり[可口]a,CO[列げ午O川㈲
ノ

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　～～where (3.9)has been used. Then, the symmetry of p丿s obvious, pJU,U)＝O for every

U eFP(�″),皿d the triangleinequality is proved by Minkowski inequality,i.e..

pp

＜

－

＜

－

(u子)=ｿJs"り％((い)‾町((い)|″午o証巾叫ノカ
ヤ

(ﾌﾟﾚﾙﾉ隔((い)‾％((い)|十|(階((い卜町((い)ヅ綱鯛㈱顔yl(勾
ノ

丿ﾙﾉ％((い卜％((い)|″綱O川㈱貼s--i
(x)ヤ

　　十(JﾚJs"り％([い卜％㈲稲作叫I](a)印や-i(ﾀﾞ)

1
一
戸
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　　　～～　　　～～＝pp貼㈲十り(W,/)

　　　～～～　　　　　　　　　　　　　～～　　　　　　　　　～～for any び.,＼へWG F戸(R“).Furthermore, letび, /G F/'(K″)with p戸(び,＼/)＝0.Then, we

have

　(Pt/(叫^')ニfci.副a,x)= (p。^(叫x)ニ(p面が(叫x)

　　　ニ(pｼﾞ(叫x)ニ(p^i^;(a,x)ニ(Pe。乱a,x)ニ(p面口(a,x)a.s. w.r.t.μ[o川⑧Ky-i，
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and thisis a equivalence re】ation～.Hence, we can define the quotient set as follows:

　　　　　　　　　　　　　　　　　　　F''(M")＝Fμ(M″)/～.

Then,(F戸(E"),)ρ)is a metric space. The quotient metric space Fbd(M″)/～is also de一

fined by

　　　　　　　　　　　　　　　　　　　Fbd(R″)＝Fbd(IF)/～.

Proposition 5.2. Fbd(R勺is a dense subset of Fμ(E") for any 戸∈(i,＋oo).

　　　　　　　～　　　　　　　　　～Proof. Let びG F″(E")and {U,n e Fbd(M″)㈲＝1,2,…} be a sequence of fuzzy sets,

　　　　　　　　　　　　　　　　　　～where the set representation of U,n consists of

and

～　　　　～
[U,n]a ＝[び]！　for

～口 la＝ ㈲]a for

0<a< -
　　　ー

1

－くaく
　　　－m

　　　　　　　　　　　　　～～Then, using (3.7)we can evaluate ら(肌呪)as follows:

　～～9p(U,U,n)"
万
力
　
＝

ｆ
九
　
く

where

貼几(a)

1

ｿﾚ隔((い)‾町,即川|リμ[0.1]㈲印や|(X)

厘づ(げ印[0,1]㈱

一

一

t

而(副詞ぷ万[氏]a)for 0＜a≦1,

0

for a ＝0

(5.6)

　　　～Let{‰;n＝l,2,…}be a sequence of fuzzy setsin F''(K") with the set representation

such as

心　　　　心　　　　　　　　　　　　　　　池谷＝問土　for 0＜a< 1.

Then, from (5.6),it follows that

pバ（呪)/ソノぐ11[o／吊球げd＼i[0,1]㈱

　　　　～　　　　　　　　　　　～Since側F]i is“ subset of CO(び]a f)r every a ∈[oべ], we obtain

　　　　　　　　　　　　　　　　　　　　　　　　　　　　～　　　　　　　　　け[O丿万ｿﾞ]IP≦|2祐,{o}㈲p≦Cpd,貼㈲爪

where C丿s a some positiveconstant determined by (3.10)andり(（{0})″is integrable

with respect toμ[o皿Furthermore,

　　　　　　　　　　　,押と1[0,1] (≪]貼凪叫)ニO for a e /

Hence, applying Lebesgue dominated convergence theorem(see e.g. [20]), we can con-

elude
　　　　　　　　　　　　　　　　　　　　～～
　　　　　　　　　　　　　　　　,壮

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　□
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Proposition 5.3. Fbd(M″)is a separable metric space for any PG(1,十o)).

　　　　　　　　　　～　　　　　　　　　　　　　　　　　　　　　～Proof. Taking any U e Fbd(M“)and s ＞0. Since supp.びis compact, there eχistsa

minimal cover {瓦}of cubes

with a小bij rational,

瓦ニn[a小bij),　i

　　押i

£

0 ＜恥プー叫ｿ≪
4岬

一

一 l,2ぐ‥,r

　　　　　　　～and　supp.t/⊆

n

From the compact property of CO[a]a for each a e /，面[U]a has a minimal subcover

{瓦a)}of {耳}such that

　　　　　　　　　　　　　　　　　　　　co[U]a⊆U属((球

Write

Note that

and also that

Set here

　　　　　　　'■(a)

　　　　　　　～覧＝(supp.び)∩

而(supp皿＼＼稲<
£

－4

］
伽(側び‰[J耳㈲)≦l

　　　'■(a)

dH収k,[J扁）

　　　i=k

Ｓ
一
4

　
く
I

a,-＝sup {a (co[汐]a)∩(cl.瓦)≠0,ae/}

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　～and relabel E＼,E2ぐ‥，耳so that O ＝（6o≦ai≦…≦叫＝＝1. Define the fuzzy set Φ

whose set representation is given through

[ぶ臨＝U属 for 叫_iくa≦叫, k ＝1 2ぐ‥,r

No.l4

For any a Gl, there exists 1 ≦た≦r so that 叫＿i≦a≦O-k. If k is the largest integer

such that　　　　　　　　　　　　　　＿

　　　　　　　　　　　　　　　(supp.び)n瓦≠の

for /＝1,2, ･‥丿,then

　　　　　　　　　　　　　　　　　～　　～　　　s　　　　　　　　　　　　　　面[co[U]a,[ｴ]a)≦jﾂ

If恥＿i = a ＜叫，

　　　　～　　～而[可び]乱φ] .)＝面((U‰。IJ瓦)

　　　　　i=だ

Ｓ
一
4

　
く
I
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and similarlyifχ卜i＜a ＝ai，

　　　　　　　　　面(可行‰[‰)＝而(可が臨M扁)

　　　　　　　　　　　　　　　　　　　　　　　i=k

Foraた_i＜a ＜ak，

Ｓ
一
4

　
く
I

面(側ら'[(‰卜伽(側ら心瓦)≦鍛恐C1心(属)

Furthermore,we have

Thus

　　　～　　　～伽([Φ]a,司φ]a)≦

pp(（ぶ)ご(

　　く

　　く

　　丿

ダ

U

i=k

U

i=k

Ｓ
一
4

竺
2
　
く
I

I　・　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　宍

　ズノ(py(い)－(pぶ(い)|″印叫㈲印ダヤ)

)

i〉
″(側が]a,可(‰)″印鯛㈱

ヤ

ズ1(心価[が]・べぶ]い十伽([(‰,可‰丿年p,＼]㈲)

ｿil心肺[司(いぶ)げ年州㈱
ノ

悪
4
　
く
I

十(ト[ぶ]a!可ぶ]a)'' dμoA]㈲)

I
一
戸

1
一
戸

Now let

　　　　　　　　　　　　　　　訂＞4(r－l)diam(M瓦).

For i ニ1,2, ■･･, r, relabel ai,a2ぐ‥，≪,. and exclude duplicates if necessary. so that

　　　　　　　　　　　　　0 < a)＜ai.＜a2く･ ･･＜叫＝1

with s ≦r. If a,-is irrational, choose βげational such that

max

{
a,-一],(C,-－

eμ

-
Aが
く匹＜a,

　　　　　　　　　　　　　　　　　　　　　　　～　　　　　　　　　　　　　　　　　　　　　～and if a,-is rational, set 匹＝a,-. Define 甲G Fbd(�″)by its set representation 匯]with

　～匯]p ＝ U瓦

(=i-

for　β_lくβ≦叫，た＝l,2ぐ‥,s

石3



－巧4 －

Then, itfollows

　　～ら(Φ

追手門経済・経営研究

示卜(Jo
Jsﾑ|(pぶ(a,x)一町低利″鯛o証a)印や-i(ｶﾔ

　くｲ‰(可礼四[吼]″佃0,1]㈱ダ

≦(万万(而(御礼四[吼ず顔[0.1]㈲
ヤ

≦diam(う瓦)(y(叫一助
ヤ

Finally,we have

Ｓ
一
4

　
く
I

　　　　　　　　　　　　～　　　　　　　　　　ら(び，

and the the result follows.

　～　　　　～　～　　　　～～　　38　　£甲)≦即(肌Φトpp(Φ'甲)≦百七4ニS

　　For every pe(i,十〇〇)，we can embed F^(M″)isomorphically into the Lμ-space

　　　　　　　JF''(R･):＼″(R")→I.″([0,1]x5"‾')，ルP(R･)(U)＝(P加

satisfying

　　1‘ｿ＼P(R“)isinjective,

　　2.　　　　　　　　　　　　　　　　　

”　〃　　　　　　　〃　　　　　　〃　　　　　　　　　　　　　J＼''(K。)(び十y)＝ルベシ)(び)十ルベ即)(X/)

　　　for口,y GF^'(E")，and

　　3.

　　　　　　　　　　　　J＼i'(K。)(λ

for
a
eFP(M")andλ≧0.

～
び） 　　　　　　　　～ニλり？(ヤ)(び)

□

(5.7)

Proposition 5.4. For every p巳(i,十oo), (＼P(R“),Pp)is a complete separable metric

space.

Proof. Propositions 5.2 and 5.3 show thatFbd(M“)is a dense subset of (Fμ(K“),p戸)and

(Fbd(M“)･pp)is separable. (Fμ(M"),p)is also separable. Therefore, it remains to prove

the completeness of (F″(E"), p).

　　Let {U,n eF″(K“);″ニ1,2,･･■} be some Cauchy sequence and let ルベシ)be the

embedding of ＼P(R")into L″([O,1]X 5"‾')given by (5.7). Then, {j]Fp(R”)(肌･)冲ニ

1,2,-｀・}isa Cauchy sequence with respect to the norm l卜IIn defined by

　　　　　　　　　　　　||加(到(帥一加(r≪)向し＝郎(が丿)

No.l4
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for arbitrary U,V e F^(IR'!). Since (I/([0,1] x 5" 1),||･||p)is a Banach space, there

exists some / e E/([0,1] x 5""1) with

lira||jFp(M≫)(^m)-/||p = 0.

Applying Fubini's theorem, we can findsome )i[on-null set N and a subsequence {Uy(my,

m~ 1.2.--4 with

} lL !%,)(≪,*) -/(≪,*)!'d＼i^(x)= o

for a £l＼N. Using Minkowski's inequality,we have

(/l%,,,,(a'X)

~f(a'X)lP ^5≫->
≪) "

> (jC
-.l*^w(a>Jc)-%o(a'Jc)|P£/^'W)'

"
(X-
K/(a^)^%f)(a^)lP^S'-w)"

Hence, setting m, I ―>°°,it follows

=§p(cd{Uy{m)},a5[Uy{m)})-* 0

which means that{co[Uy(,,)];m = 1,2,-･･} is a Cauchy sequence with respect to the

metric 8P for for a 6 I＼N. Hence, due to the completeness of the space of non-void

compact convex subsets of W with the metric 8P, there exists a non-void compact convex

subset Ka for every a I＼N with

Um8p(co[Uv,m)],Ka)=0. (5.8)

Drawing on Theorem II-2in ＼111.it can be shown that

m=＼

cl.fUcotC/^jajcflcl.m

＼£>m ) m=＼ ＼e>m
C0Pw(i)h j = H

forO< (3 < a < 1 and a. (3 Gl＼N. We can define a system of bounded subsets{co[U]a＼a G

/}by

co[U]a= f| Kp,

Pe(0,a)＼W

satisfyingco[f/]a C co[f/]p for 0 < P < a < 1. For a fixed x Q" fiS""1, the real-valued

maooing d),-on / defined bv

$x(a) =
ls?(x>Ka^ fora el＼N

＼sp(x,co[U}a) foxaeN



□

‾仮

is increasing. Hence, there eχistssome at most countable set 凰⊆7 such that the restric-

tion 側ハ凡of^バo/＼倣is continuous. Then, defining

　　　　　　　　　　　　　　　刃＝N　U　越，

　　　　　　　　　　　　　　　　　　xeQ"nS'>-'

every mapping脊ハA^forχ∈Q″ns"－^ is continuous.

　　Let a G/＼A^and s ＞O･ Since the support function of a compact convex subset of IB"!

is continuous, we can find

maくsp(x,脳)－sp(>',A:a)いp(x,co[f/]a)－sp(j,co[口]。)|}＜l

Moreover, there is an monotone increasing sequence {a,n E I＼N;m＝1,2, ■‥} converg-

ing to a. According to　　　　　　　　　　　　＿

　　　　　　　　　　　　　　心⊆側ら⊆亀

for n ＝1,2■‥,it follows that

　　　　　　　　　　　　　　　　　　　～　　　　　　娠(耐＝Sp(x,亀)≧sp(工,co[び]a)≧sp(x,Ka)＝似a).

Therefore, sp(x,心)＝sp[がzo[U]a)due to the continuity of(|)誰＼瓦and

　　|sp(x,心)－sp(球co[a]a)ドhp(x,Ka)－sp(y,Ka)＼十|sp(>',心)－sp(x,co(f/]a)|

　　　　　　　　　　　　　くe.

Hence,we have

forae/＼瓦Then

　　～　　　　　　　　　　　　　　　～可び]a ＝脳　and ら[馬,可び]a)＝0 (5.9)

No.l4

　　　　　　　　　　　　　　　～　　　　　　　　～　　　　　　　　　　　　　側び]a ―∩co[U]β

　　　　　　　　　　　　　　　　　　P 6(0,0)

follows immediately since a 回I＼N is a dense subset of [0,1], and using Proposition

2.1,it can be shown that{co[び]cxlχ∈/}is left-continuous, which means it satisfiesthe

condition (ii)of Definition 4工　Then, we can consider that [a]＝{[が]ala el} is a

set representation of a fuzzy set
a
G F(M"). Finally,in view of (5.8),(5.9)and using

Minkowski's inequality.we can conclude that

　　～　～Pp(U,nりU}＝

　　　　　　≦

ｿ㈹叫,x)づ(a,x)＼り恥ノり

(大知(可氏に脳)″印[0,1]㈱
ノ

→O　as　m→∞

I
一
戸

十(又臨[脳,可汀]ぴ顔[0,1]㈱
ノ
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　　The Steiner centroid of a nonempty compact convex set is also generalized to the

fuzzy setsin ＼^(R").Itis defined as follows:

削のニ門ﾙﾑｰ
^x-(貼(い)印[0,1]㈲印や一面)

The Steiner centroid for fuzzy set
a
GF2(R″)，o(U)satisfies a(一U)＝－o(が). The

Steiner centroid for fuzzy setsin F2(]R勺preserve the linearity

　　～　　～a(aU十詐)＝α･a(U)十b･(3 ～(V)

for a,b∈剛U,V e＼^(R″)，and {/O ＝u一a([/)is centered so thatg(C/O)＝O holds.

　　The space (F2(Rり,)2)is isomorphic to a closed convex cone in the Hilbert space

L2([O,l]xS"‾')equipped with the inner product

Jo
ﾑ(p^(い)｀(pﾛ(り)印[0,1]㈲印叫(゛)

Furthermore, for the metric P2 we have the following properties:

　（i）The Steiner centroid is a characteristic point of a fuzzy set in the sense of

inべP2({a},t/)|a 6 E“}＝p2({0([/)}犬)

(ii)Furthermore

　　　　　　P2(f/,lﾝ)＝P2(汀°濠0)袖副帥－(y(ﾔ)|へ

　where 。(U)is the Steinercentroidoff/ and C/0＝が一司の(analogous V^ ＝V

　o(V)).

6　Conclusions

In this paperけhe author has investigated a metric space for a class of fuzzy sets. where

fuzzy sets are represented by the general set representation approach.

　　First, maintaining the viewpoint of the mult-valued log. a class of fuzzy sets has been

defined based on the general set representation approach. Then, a metric on the space of

fuzzy sets has been introduced, where the distance between two fuzzy sets was defined

by using the support functions of fuzzy sets. Furthermore, it has been proved that the

proposed metric space is complete, separable one. which will be very useful properties to

study fuzzy random vectors proposed by the author[5,6√7]｡

　　It should be noted that all the results in this paper are inspired by the results given by

Kratschmer[1,2].
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