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On Basic Arithmetic Operations for

　　FuzzySets Obtained as Vague

　Perceptions of Crisp Phenomena

Abstract

Tokuo　FUKUDA

　　In this paper, some of basic properties for a class of fuzzy sets in

a metric space are investigated intensively with the help of set

representations of fuzzy sets.

1

Introduction

The purpose of this paper is to study the properties of fuzzy sets.

which will become basic tools for in vestigating fuzzy random

vectors　given　as　a　model　for　vague　perceptions　of　random

phenomena［1～71.

　　　Section 2 is devoted to investigate the basic properties of fuzzy

sets in a metric space, where a fuzzy set is defined through the set

representation approach, i.e.,given by a triple of the basic space,

the set representation and the predicate. The set representation

approach adopted in this section is utilized throughout following
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sections. In Section 3, the functions of fuzzy sets and the operations

between fuzzyトsets are studied with the help of the extension

principle concept ［8]. Finally, some of basic properties of arithme-

tic means and variances for fuzzy sets are investigated in Section 4.

　　　Itshould be noted that all the resultsin thispaper are extended

or modified versions of［91.

2

Set Representation Approach of Fuzzy Sets

In this paper, a fuzzy set U given as a vague perception of 陶GEχis

defined by the triple

U＝(X,{已｜α∈(O,1)},so). (2. 1)

where χ is called the basic space ；so is the predicate, i.e.,so:χ→汐

with 汐the “universe of discourse" defined by a set of statements,

assigns a statement

　　　　　　　　　s∂（x）＝{x coincides with Mo}

（2.2）
　　　　　　　　　　　　＝{x=Uo]

to each element xex ； and {已｜α∈（O, 1）} is the family of subsets

of X satisfying

£ぶ⊆已⊆LuU　for　∀α∈(O, 1) (2.3)

In（2. ■i）,LM and LsU are the strong cut and the level set of a at

the level a defined respectively by

Lぷ＝倒斑≡X)△((の(x) ＞α)}

£ぷ＝同位≡X)△((の(x)>a)}

134 －
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where 0)(x) is the membership function of∂given by

　　　　　　　　　　　　　　(U)(x)=t(so(.x)) (2.5)

and £（＊）in（2. 5）is the truth function of ＊in the sense of

multi-valued logic. The crisp point Mo in χ, which gives the vague

perception, i.e., the fuzzy set U，is called the original point of u.

The definition of fuzzy sets adopted in this paper is a modified one

originally proposed by Kwakernaak ［10]. Furthermore, we call the

family of subsets {Ua＼α(E（Q, 1）} defined by （2. 3）as the set

representation of a fuzzy set ひ　This view is slightly but not

essentially different from its usual definition （see e｡g.［11］or［121)｡

　　Since

it follows

min(α,Il砂収))＝＼ '
if

if

(U)(x)>α

(U)口)＜α,

　　　　　　　　㈲(x)=sup{a|(のめ>α}

　　　　　　　　　　　　ニsup{min(a, Ii o(x))}，

Hence, if (の巳)＞0,we can infer

　　　　　　　　(び)(x)=sup{min(a, 4映(x))}

　　　　　　　　　　　　=sup{αI (αe (0, 1])∧亀GEL嶮)}

　　　　　　　　　　　　＝sup{a|(α∈(O, D)∧,x^LsU)}

　　　　　　　　　　　　>sup岡(αeE(O, D)∧(x E広}

　　　　　　　　　　　　>sup{a!(α∈(O, D)∧収∈£ぷ)}

　　　　　　　　　　　　＝(び)(x).

Therefore, defining sup 0＝0, we can conclude
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(2.6)

(2.7)

(2.8)



Tokuo FUKUDA 姐手門移宮設某陥/,4 洵.2

　　　　　　　　(び)(x)＝sup{a !(αG(O, 1))八(jcG已}

and the following theorem is obtained :

Theorem 2. 1　Let f7＝(X, {已｜α∈(O，1)},so)be an arbitraryfuzzy

set. Then, we have

　　　　　　　(の(x)＝sup{α|(αE(O, 1))∧収∈已)}

with sup 0＝0.

(2.9)

　　　Asseen from the definition of fuzzy sets given by (2. 1), there

may be many fuzzy sets which have same strong cuts and level sets

at every levelα∈(O, 1). This causes the following definition of the

equivalence of fuzzy sets:

Definition 2. 1　Two fuzzy sets U and V is calledeq加talentand

denoted by U＝V, if

ねび＝乙V　and　玩び＝玩V　for　∀α∈(O, 1). (2. 10)

It is easy to see from Theorem 2. 1 that the system {Y。｜α∈(0.1)}

with the relation

satisfies

£ぷ⊆几⊆LaU　　for　∀α∈(O, 1)

(C7)(jc)=sup㈲(αeE(0, 1))∧(X亡肌)}

　　　＝sup{a| (αfE(O,D)∧(xe応}

　　　＝価)(x＼

136 －
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and　hence　U and V satisfy （2. 10）. Therefore, the =following

corollary holds :

Corollary 2. 1　If the following relation

　　　　　　　　LaU⊆‰⊆LaU　for　∀α∈(0,1) (2. 13)

holds, then U=V, where {ら｜α∈(O, 1)} is the set n巾resentation of V.

Theorem 2. 2　Let U＝(X, {広I α∈(O，1)}，so)be an arbitraryfuzzy

set.　Then,we have

and

£丿＝U みfor α∈(0,1) (2. 14a)

　　　　玩び＝∩On for α∈（O,1].　　　　（2. 14b)

Note : For the derivation of（2. 14a）and （2. 14b）,it should remind

of

and

holds.

U み＝倒∃βe(a, l)(xe≡み)}

　　＝㈲there existsβ∈(a,1)such thatx<Bみ} (2.15a)

/Se(O.a)βe(0.
゛)(゛応)}

　　　＝{x for anyβe(0, α),xe≡即

－137－
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し　Hereafter, let the hasic space
χ be a metric space and let｛已＼α

∈（0, 1）} be the set representation of the fuzzy set 政　Then, the

collection of all fuzzy sets in X is denoted by ぷ（X）when it satisfies

that

(0)Hae(o,i)已≠β

(ii)　広iscompact for eachα∈(O, 1)

㈲　supp. U defined by suppで＝Cl. Uae(O,1)已

　is also compact.

It is clear from （2. 10）and （2. 14a）that if ∂is equivalent to V, i. e.,

U＝V, then　supp. び＝supp. V.　In　the　following, we　do　not

discriminate equivalent fuzzy sets. The family of fuzzy sets is

denoted by ぎ。（X）when its each element U is the member of ぷ（X）

and its set representation is composed of conveχ sets. The fuzzy

sets on the basic space χ will be represented by using capital letters

with tilde.

Theorem 2. 3　Let U be a fuzzy set in り(X). Then, 臨U is compact

each ae(O, 1)。Furthermore, if U^影(T)，LsU, 乙びfor∀α∈(O, 1),

and supp. U are convex.

The proofs of Theorems 2. 2 and 2. 3 are given in Appendiχ A.

3　Operations on Fuzzy Sets

3｡1　Fuzzy Functions

Let/:X→Y be a mapping from a metric space X to another metric

　　　　　　　　　　　　　　　　　　　－138－
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space Y. Then, the image of A⊂χ is the subset of Y defined by

f{A)＝{y^Y＼y＝f{x}with　xSEA} (3. 1)

Suppose that U＝(X, {醜I α6E(0, 1)}，so)is a fuzzy set,and consider

the statement

s/の(y)斗y coincides with /(“．)} (3.2)

where u。is the original point of U. Then, the above statement

should be rewritten by the following composite statement :

S/(の(3,)＝v{(y=/(エ))八収＝≪)}
　　　　　xeχ

　　　　　＝V㈲づ(x))△(so(x))}.
　　　　　　xeχ

(3.3)

where s∂(x)is the statement associated with the predicate of a

Therefore, according to the concept of the extension principle of

fuzzy set proposed by Zadeh [8],it may be reasonable to evaluate

the truth value of S/(の(y)as follows:

　　　　　　£(S/(の(y))＝sup{0)x)＼y＝f(x)with　X<EX}

Let assume

　　　　　　　　　　　　　　n^{yし‰の(y))＞峠

(3.4)

(3.5)

Then, using (3. 4)we can find a ぐeX such that 7?=八ぐ)with (の(ぐ)

＞a and this follows

η^｛y y=f(x｝with　X^Lｽﾞﾊ，

　　　　　　　　　－139－
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(3.7)

Furthermore, if

　　　　　び≡f(£誤)＝[y＼y＝/収}with　X^Laﾊ，

there existsぐeX such that n＝f(ご)with ぐ∈£誤,which implies

　　　　　が≡副sup{(の(絹yづ(x)with X ≡X}>a}

　　　　　　＝{yし(sが)(y))≧α}

or equivalently

(3.8)

(3.9)

　　　　　　　　　　/(臨の⊆{y＼t(s/(∂)(y))>α},　　　　　　　　　(3. 10)

Invoking here the relation

　　　　　　　　　　£ノ⊆已⊆LaU　for　∀αG(O, 1)

given by (2. 3), and using (3. 7)and (3. 10), we have

　　　　　　{yし(み(の(y))＞α}⊆/(乙の⊆f已)

　　　　　　　　　　　　　　　　⊆fiL-aU)⊆{yし(を(の(y))>α}　(3. 11)

for∀α∈(O, 1). Therefore, the following definition concerned with

the fu乞zy function should be reasonable :

Definition 3. 1　The fuzzy function V＝f(勘as the generalizationof

the mapping of f:X→Y is given by

V=f(の=(Y, {/(醜)｜α∈(O, 1)}. み(の)

　　　　　　　　　　　－140－
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It should be clear that the strong cut and level set of V are given

respectively by

with

ﾑ丿=£J(の＝削(八の){y)＞α}

玩匹玩/(の＝岡(/(の)(y)>α}

　　　　　　　　　(())(タ)＝t(s∂(y)).

Hence, from (3. 11),(3. 13a)and (3. 13b),itis clear that

　　　　　玩/(の⊆/(乙の⊆f已)⊆/(玩び)⊆L-/(の．

Furthermore, assume that

　　　　　　　刀∈/(乙の={yy＝f(x)with　XEz瓦の

　　　　　　　　　　　　　＝副(yづ(x))△((の(め＞絹

(3. 13a)

(3. 13b)

(3. 13c)

(3. 14)

(3. 15)

Then, we　can　find　that　there　is　at　least　one　elementぐ^£μ

satisfying V＝f(ぐ, which yields

v=/(ぐ(^{y＼(yづ(:c))A((の(x)＞α)}

　　　　⊆{y|sup{(の(x)Iy=f(x)with　xex}＞α}

　　　　＝{yけ(S/(の(y))＞α}

　　　　＝L/(の， (3. 16)

or equivalently

　　　　　　　　/(瓦の⊆乙f(の　for　αE(O, 1).　　　　　　　(3. 17)

The inclusion of LJ(のto /(瓦のfor αe(O, 1)has already been

shown in (3. 14), and that for α＝0 is also obvious from the

　　　　　　　　　　　　　　　　　　－141－
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derivation process of（3. 14）. Therefore, the following proposition

holds:

Proposition 3. 1

　　　　　　　　　　乙f(の＝f(LaU)for　α<=(0,1).

For the level sets of び,the following theorem is obtained :

(3. 18)

Theorem 3. 1　Let U＝(χ, {已｜α∈(O，1)}，so)be a fuzzy set in

'^S(χ),and f:χ→Y be a continuous ma))ing from a metric spaceχto

another metric space Y. Then,

/(の＝(Y,け已)＼a<=(fi, 1)}, S/(の)

is the fuzzy set in り(Y)satisfying

玩f(の=ﾁﾞ玩び)for　∀α∈(O, 11.

(3. 19)

(3. 20)

3. 2　Operations Between Fuzzy Sets

For the arithmetic operations between fuzzy sets,consider the

followingstatements:

Sf(ぴにÅ)(y)斗y coincides with /(“i,o,･¨'‰,o)}, (3. 21)

where 鰍。is the original point of 防and /: χ|×…Xχ。→Y be a

mapping from the product space of X心＝l,…, ≪) to Y. Then, the

above statement should be rewritten as the following composite

statement:

142
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Sf(Oに･･印(y)゛　V
{(y=/xu…,xj)∧(人脈=M,-,。))}

　　　　　　ニ　V
{(y=/(.xu…,jら))八(人(恥収)))}，

　　　　　　　XSχ,×■■-Xχ。　　　　　　　　　　　　　　　iｺl　　1
(3. 22)

where Su(x)is the statement associated with the predicate of 畠.

Therefore, according to the concept of the extension principle of

fuzzy set, it may be reasonable to evaluate the truth value of

S/(i?l,-･u,,)(y)asfollows:

i(み″に･o,,)(3'))=sup仁W賎
l
(昌)(亀)|(y=/(エI，…,ぐ))

　　　　　　　　　　　　　　　　　　　　　　八(A(が≡X,))).　(3. 23)

Let assume

v^しけ(s/(ら.…べ)(y))＞α}. (3. 24)

Then, using (3. 23)we can find a fi6EX,-(≪＝l, …，n) such that v＝

/(ぐl,…,乙)with min尚,…,バf/.)(r.)＞αand this follows

η∈ﾄﾄﾞyﾆﾉxu…,恥))八(a が三島U))}

or equivalently

り＼t(s践叫.…,ら)(y))＞α}⊆AL．Ux.…, LaUn)．

Furthermore, if

v∈(L笈Uし…, LaU^)

(3. 25)

(3. 26)

－143
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＝{y (y=f(xi，…,X,,))∧(Aが≡玩醜))}，　(3. 27)

there existsこ^X沿＝l，…, n)such that η＝ｱ(ぐ1，…,乙)With び三LaUi,

which implies

匹川sup(琵賎)(の(x) I(yづ(*1,…ぺ))べAfcβX･))}>α}

　　　　　　　　　　゜{y＼t(s/(u.,…,ら)(y))≧α}

or equivalently

　　　　　/(LnUい…, LaUn)⊆しﾚ(り(iy.,…,ら)(y))≧峠

Then, applying (2. 3)to (3. 26)and (3. 29), we have

(3. 28)

(3. 29)

　　り＼t(Sf(j, ,｡｡｡,ら)(y))＞α}⊆/乙びi,…,LaU)⊆fWl。,…，tin. a)

　　　　　　　　⊆/(LnUχ，…, LnU^)⊆{yし(S氏吼，…Å)(3'))>α}　(3. 30)

for∀α∈(O, 1). Therefore, the following definition concerned with

operations between fuzzy sets should reasonable :

Definition　3. 2　The　fuzzy　function　V＝f(Uu…, u,)　as　the

generalization of the mapping f：XIx…XX。→Y is given by

　rニバびy.…, tJn)くY, {ア(びx．…, びい)|α∈(O, 1)},り(ら…,ら))，(3.31)

where Sf(貼…,りis the predicate associated with the statement given by

(3. 21); and Ui｡a is the element of the set representation of Ui for each i

=1,…, n.

　　It should be clear that the strong cut and level set of V are

　　　　　　　　　　　　　　　　　－144－
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given by

　　　　　乙V＝LJズUu…,広)＝{ﾀﾞ(八びu…, 醜))(y)＞α}

　　　　　玩び＝£が(びl，….醜)＝{y＼(八Ui.…,広))(y)>α}

(3

(3

32a）

32b）

with

　　　　　　(J(肌…, 心))(y)＝心川に.u^)(y)　　　(3. 32c)

Hence, from (3. 30)，(3.32a)and (3. 32b),it is clear that

　　　£ノびu…，Un)⊆八LaUχ,…, 句心)⊆f八,a,…, U,,,a)

　　　　　　　　　　⊆秋U嶮i,…, LaU。)⊆句/Ui，…，On)　(3. 33)

Using the similar procedure as that for v=八U)given in Subsection

3.1,the following theorem is obtained :

Theorem 3. 2　Let {凰＝(X。{び｡。I α∈(O，1)}, so)＼ i ＝l，…, n} be a

collection of fuzzy sets in S?(X,)，and f: X,×…XX≪→Y be a mapping

from the product oneχ1×…Xχ。of the metric spaceχi to the metric

s)ace Y. Then,

　八tJl，ぴ2.…, Un)＝(Y, [f(Ul。，…, On。)|α∈(O, 1)}, S/ら.｡｡べ))(3.34)

is the fuzzy set satisfying

　　　LJ(U,. ‥･,醜)＝/(LaUし…, LaUn)for∀αE(O，1) (3. 35a)

and

　　　/(玩びx,…,LaUj⊆LaK爪.…, On)for∀α∈[0, 1]。　(3. 35b)

Furthermore, if f is a continuous map)ing.銭亀, 仇，…. On)is the

　　　　　　　　　　　　　　　　　　－145－
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element of ^(Y), and the equalityin (3. 35b)holds, i、a,

　　　句ｱ(びu…, U,,)＝f(LsUχ.…，LnUn)for∀α(E(O, 1].

B。

(3. 36)

The proofs of Theorems 3. 1　and 3. 2　are proved in Appendix

4　Arithmetic Means and Variances

Let [7,=(X, {£‰|α∈(O, 1)}, 鯛)(f = l,…, jV)be a sequence of fuzzy

sets. Then, the arithmetic mean of {Ui;i＝l,…, N} is heuristically

given by

m(肌…, ら)くX, {(OT(び,･…,ら))いαe(O, 1)},らひい"at))

　　　　　　＝土Σo,,
　　　　　　N ≒

where 恥ら･･■.ら)is the predicate given through

(4. 1)

Sm(ぴに.ら)㈲= ＼vcoincides withつし£絢,．}.　　　(4.2)

For the arithmetic mean mがu…, Un), we have the following

proposition:

Proposition 4. 1　The arithmetic mean m(jj＼，…,ら)given by (4. 1)

is the element of ^(X)when each member Ui is the element of 留(X),

and its set re）resentationis given through

　　　㈲びu…，ら八＝土N　for each αeE(O,1). (4.3)
　　　　　　　　　　　N 1=1

The strong cut and level sets are given respectivelyby

－146 －
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Lain(び＼,…,ら)＝古万万稲応　for each αe[0, 1] (4. 4a)

and

　　　£匹(びi,‥･,ゐ)＝王公玩凰　for each αE (0,1]. (4.4b)
　　　　　　　　　　　　　　N乱

Furthermore, if Ui^留c(O(i ＝l，…,N), m(Uχ,…, Un) is an element of

鴫(X).

The proof of Proposition 4. 1 is given in Appendix C

　　　Inthe following of this section, we restrictthe basic space χ to

the (n一dimensional)Euclidean space R". Furthermore, the fuzzy

sets in this section will be also restricted to those in 鴫(Rり. Fuzzy

sets in 侈,(R”)are called“fuzzy vectors" in this paper.　Hereafter,

fuzzy vectors are represented by the lowercase letters with tildelike

u, V, etc.

　　　Let 伍; 1, 2,…,N} be a series of fuzzy vectors in 鴫(R”).Then,

using Proposition 4.1,it is clear that the arithmetic mean of 叫}

given by

　　　　　　　　　m(xi，･1
宍
Xi

isa fuzzyvectorin 翫(R”)with

　　　(m凪,…, み)‰⊃かN　for eachαe(0,1),

and

玩tn(xi，･1
づり　for

eachα∈(O,1)

147一
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　　　L atn(xi,…, 乱)=上公瓦石　for each α∈(0,1]. (4.7b)
　　　　　　　　　　　　N ，=,

　　Next, Consider the statement Svar.te,.…,梅)(訂)such that

　　■^va･｡&1.….松){M)= {M coincides with var‘(xi.o,■･･,Xn.o)}･　(4. 8)

where var.(xi,。，…,OCn.。)isthe variance of {χi,o
)2
＝A，…, N},i.e.,

　var.(χi。，…,恥。1 一元。－rn(χi。，…. 恥。))

　　　　　　　　　　　　　　　　　　×(χ,。－m(xio，‥･，Xn.o))'

　　　　　　　　　　とjｱ“
ﾒIJ刄,

0x o・(ﾙy§Qxi,0)(ﾙyfJχi,0)y　(4.9)

and 恥。is the original vector↑of the fuzzy vector 翁＝(R", {xい| αe

(0, 1)}, s,.). Then, as a kind of the fuzzy variance of 隔･; i=l，…，

N), we have

　　　var.(xi，…, 島)

　　　ニ(R゛”バ(var｡(≪,,…,乱))a Iα∈(O, 1)}, Svar.te,,…･
梅))，　(4. 10)

where

and

(var.(*i，…，≪Ⅳ))α= var.(≪i,a,…. ^JV.a) (4. 11)

var.(≪i,。,…-瑕。)＝{zﾚ= var.(xi，･‥，恥)

　　　　　　　　　with　な三元i, a for each i = l，…，刈，　　(4. 12)

↑）We call the original point of the fuzzy vector the original vector

　　　　　　　　　　　　　　　　－148 －
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where van（*!，…,心）in （4. 12）is given by （4. 9）replacing Xi。by

乱　Furthermore, applying Theorem 3.2 to（4. 10）,we have the

following proposition :

Proposition 4. 2　Let 悦; i＝l，…,N} be a sequence of fuzzy vectors.

Then，the fuzzy variance given by (4. 10)is a fuzzy sef仇留(R゛”)，and

satisfies

　乙(var.碩,…, 恥))＝Var.(£μl，…,瓦島)for∀α∈(O, 1)(4.13a)

and

　　£s(var｡(Xl，…■島))＝var.(£μi，…, Lμti)for∀α∈(O, 1]. (4.13b)

5　Conclusions

In this paper, the some of basic properties of fuzzy sets obtained as

vague　perceptions　of　crisp　phenomena　have　been　investigated

theoretically。

　　　Adopting thi'oughly the set representation approach for fuzzy

sets,the basic properties of fuzzy sets and their functions have been

studied with the help of the eχtension principle concept. Finally,

some of basic properties of arithmetic means and variances for

fuzzy vectors have been also investigated, which will be utilizedfor

investigate statisticalproperties of fuzzy random vectors proposed

by the author.
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A　Proofs of Theorems in Section 2

Proof of Theorem 2. 2

Proof of (2. 14a):　Using Theorem 2.1, we have

　　　　　　　　LaU=sup{β|(βe(o, D)△(x^Uβ)}＞α (A.I)

when x^£ノ.Therefore, there existsβ∈（a,1）such that x^みand

thisyields

or equivalently

x^ U み

　β∈fa,1)

L丿⊂U み

　　β∈(α.1)

(A. 2)

(A. 3)

　　　Toshow the inclusion in the opposite direction, we choose an χ

such that

　　　　　　　　　　　xe U み.

Then, there is an β∈（α,1）such that x^応,and it follows

　　　　　　　　　　び≡応⊂Lボ⊂LaO,

or equivalently

□
ぶ
防⊆L。U.

Proof of (2. 14b):　Let x^£ぶ.Then, it follows

　　　　　　　£誤＝SUp㈲(β∈(0, 1))△(x^み)}≧α

　　　　　　　　　　　　　　　　－151－
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and hence for any βsuch thatβ∈(0,a), we have x^みwhich means

or equivalently

ﾊﾞ≡∩み

　βe(0.o)

　　　　　　Lび⊂∩み

Conversely, assume that

x^ ∩ み

(A. 8)

(A. 9)

(A. 10)

　　　　　　　　　　　　　　　　　　　　　　　　　j3∈(o.α)

Then, it follows x<=Uβfor anyβsuch thatβe(0, a)and therefore

　　　　　(∂)W＝sup{β(βeE(O, l))△(xG^β)}≧α　　　　(A. 11)

which means χ∈£aびorequivalently

　　　　　　　　　　　　　nみ⊆LaU.　　　　　　　　　(A.12)

Proof of Theorem 2. 3

(i)　Let 已be an arbitrary element of the set representation of u.

Then, 応is a compact subset of the metric Space χ,which means び。

is the closed subset of X, and hence

　　　　　　　　LaU=∩み　　　　　　　　（A. 13）

is also closed. On the other hand, it can be verified from （2. 14a）

that

supp. U＝c＼. U

　　　　　　as (O.

It is obvious that

Ua＝Cl.LoU.

－152

(A. 14)



December り夕^
On Basic Arithmetic Operations for Fuzzy Sets Obtained as

　　　　　　　　　　　　VaguePerceptions of Crisp Phenomena

LaU =倒(のw>小=倒(U)(x)＞0}

　　=LoU⊆cl. £oび＝supp.U　forα∈(0, 1),

which means

LaU⊆supp. U.

(A. 15)

(A. 16)

Therefore, we can conclude LaU is compact because of its closeness

and the compactness of supp､u.

㈲　Assume that び^鴫OO.Then, using (2. 14b), the α-levelset of

びis given by

　　　　　　　　　　　　　玩び＝∩み,　　　　　　　　（A. 17）

　　　　　　　　　　　　　　　　β6（0,a)

and hence £aびis conveχ for ∀α亡［0,1］because of those properties

of 硲for∀βe（0, 1）. Furthermore, from （2. 3）,（2. 4a）and （2. 4b）,

it is easily verified that

　　　臨戸⊆応.⊆Lr,U⊆脳戸⊆み,⊆Lrび　forβ1>β2＞O，

from which we have

研.⊆防.　forβ1>β2＞0.

(A. 18)

(A.19)

Let χi and χzbe the elements of LaU.Then, there are 防. and 防2

such that

because of

恥∈防^　and　恥E^Uβ^

LaU＝U

　　β∈(a, 1)

み
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which is given by （2. 14a）. Hence, settingβ。in= min（β1,β2）and β。。

＝max（β1,β2），itfollows from （A｡19）that

Therefore, it is clear that

～　　　～防m..⊆防^^n (A. 22)

　　　X= tX＼十(l－t)戈,∈ら^。⊆U　硲＝玩び for∀iG[0, 1], (A. 23)

　　　　　　　　　　　　　　　　　　β∈α,1)

which means Lびis convex for ∀α∈(O, 1).

(i)Assume that び∈鴫(X).Then, from the result of (ii),we have

£U＝U 已

　　ae(O. 1)

(A. 24)

is convex. Then, we know that=cl. Lot/ is also conveχ， which means

so is supp. U.　　　　　　　　　　　　　　　　1

　　　B　Proofs of Theorems in Section 3

Proof of Theorem 3. 1

(i)Proof of (3. 20):　As given by (3. 14)and from its derivation

process, it is obvious that /£nの⊆L-a/のfor α∈(O，ll. Hence, in

order to show (3. 20), it is sufficient to prove

　　　　　　　　　秋UU)⊇£af(の　　for a∈(0,1].

Let define ルな;x(y)by

　　　　　　　叫;^(y)＝{(の(x)|(y=/x))∧亀ex)}.

Then,£が(のmay be rewritten by

　　　　　　　　　　　　　　　　　　　－154－
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L-J(の＝{吟Y Isup 鴛=x(v)≧α} (B.3)

It y∈£が∂)holds, then, we obtain

　　　　　　　　　　　　　　supMか;x(y)>α.　　　　　　　　　　　　(B.4)

Assume here that there is no x such that V＝f{x)with X(B玩乱

Then, it should be that

　　　　　　　　β＜a　for∀β∈胚;x(3')，　　　　　(B.5)

Therefore, a is an accumulation point of Mf;χ(y), i.e., there is a

strictly　increasing　sequence {α肩息= l, 2, ■■･}of　elements　ate

Mか;x(y)with

　　　　　　　　　　　心↑α　as k→(o.　　　　　　　　　　(B.6)

The property 叫∈鴛;x(y)is connected with the existence of が≡χ，

which satisfiesthe condition y＝/(為)and (の(飢)=叫, and hence

恥^EL飛JJ. (B.7)

Since we have assumed U∈タ（X）,£司びis a compact subset of X for

each ん＝l, 2, ･■･　asshown in Theorem 2.3. Therefore, we can

conclude that the sequence 拙丿力＝l，2,…｝has an accumulation

point χ and especially that it contains a partial sequence 恥いに1,

2,…} convergent to %. Furthermore, identifying LisrU as 已, , it

follows from （2. 14b）that

･^口£呵び二卵｡丿^UこLnU.

Since / is the continuous mapping, we obtain

－155－
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　　　　　　　　limXk.=x⇒lim/㈲)づ(xトy

Hence, f(x)＝y with x&£誤as shown in (B. 8), which means

　　　　　　ま

(B.9)

(B.10)

which is a contradiction. Therefore, there exists an element % such

that y＝/ix）with x^£丿,and thisimplies（B. 1）holds.

圓　Proof of /(のe^(Y):　It is obvious that /醜)is compact

because of the continuity of /. Furthermore, using the equalities

given by (3. 18),and (3. 20)proved in (iいt follows that

and

∩八已)=Ljf(のづ(£tのづ(∩6.)≠β

supp./(∂)=cl. M (/(f7))。＝cl.Lば(C7)=cl./(Loの

(B. 11a)

　　　　　　　　　⊆cl./(cl. Lot/) =/(cl. Lot/)＝/(supp. ∂).　　(B. lib)

Since /(supp.のis compact because ･･of that of supp. び and the

continuity　of /, and　concequently　supp./(の　is　also　compact

because　of　its　closeness　and　the　compactness　of　/(supp. U).

Therefore, we can conclude /(のe卯(X)．

Proof of Theorem 3. 2

（i）Proof of （3. 35a）:　The inclusion of Laf（Ul ,…, On）to /（玩び^,

…, LcU,）for α∈（O，1）has already been shown in （3. 33）,and that

for α＝0 is also obvious from the derivation process of （3. 33）.

　　　　　　　　　　　　　　　　－156－
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Therefore, in order to show (3. 35a),itis sufficient to show

　　　　ｱ玩び,.…, LaUχ)⊆Laf(びx.…, U,)for a∈(o, 1).

Assume that

　　　　ηiE/LaUχ…,LMn)

(B. 12)

＝{y (y=バxi, ■■■,・。))∧(a 余Ξ玩U))]

＝ﾄﾄﾞy=/(xi，…, 恥)∧(A((醜)隔)＞α))}　　　(B. 13)

Then, we can find that there is at least one collection (ぐi，…，r,,)

such that

　　　　　　　　(r.，…，乙e(句凰)×…×(句心)

satisfying 7?＝/(ぐl,…,乙)，which yields

ηづ(r.,…,む,e川(yづfe，…ぶ))∧(A((畠)(X:)＞α))}

⊆[y su叱却飛(の(x)ﾄyづ(Xi,…ぺ)心八隔ex･))}＞α

　　帽列t(s/(∂,.…べ){y))＞α]＝Laf(Uu…，肌),　　　　　(B. 14)

which is equivalent to (B. 12)。

㈲　Proof of (3. 35b):　As given by (3. 33)and from its derivation

process,it is obvious that

/UUu…, Latin)⊆句/(び1‥‥‥び。)

　　　　　　　　　　－157－

(B. 15)



Tokuo FUKUDA 追手門経営論集Vol. 4 No. 2

for α∈(O, 1]. Tence, in order to show (3. 35b), it is sufficient to

prove

　　　/(UUχ…, LnU,,)⊇句/(C/,,….On)　　forα∈(0, 11.　　(B. 16)

Let define ルな;xい…,x,(3')by

訂f:x,･….x(y)={,min (畠)隔)ﾄyﾆﾊﾞXl, ･'イXn))

　　　　　　　　　　　　　　　　　∧(A(が≡X,))}.　(B. 17)

Then, Uf(びi,…, 醜)may be rewritten by

　　　　L-J(Uχ…, 醜)＝{?7eEY|supめ;xに,x (?7}≧α

IfyG£s/(f7i,…, On)holds, then, we obtain

　　　　　　　　　　sup 右;x.,…,x。y)>α.

(B. 18)

(B. 19)

Assume here that there is no （x, ，･･･,≪。）such that y＝/（y.＼,…，X。）

with が≡L双Ui for each 1＝1,…, n. Then, it should be that

　　　　　　　　　β＜α　for allβ^Mf;x,,…,xCy)｡　　　　　　　　(B. 20)

Therefore, a is an accumulation point OtMf;χ!■…,χ^(y)，i.e.,there is

a strictly increasing sequence {心｜ん＝l, 2,…} of elements αだ∈

刄f=X,,…,≒(y)with

　　　　　　　　　　　　　　a*↑α　as k→oo.　　　　　　　　　　(B.21)

The property 叫^/脳χ!■…,χSy)is connected with the existence of

xいeEX,- for each 1＝1,…, n which satisfies the condition y＝f{x＼.k.…，

% ,k)and (U)(Xい)＝叫for each i＝l,…, n, and hence

　　　　　　　　　　　　　　　　　　　－158－
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亀k^L死Ui　　for each j = 1 ■･･ n. (B. 22)

Since we have assumed と恥三密(X･)・L刄Uiis 3 compact subset of X･

as shown in Theorem 2.3. Therefore, using Tychonoffs theorem, it

can be shown that

　　　　　　　　　　　　　（L刄U）×…×a吼f/J　　　　　　　　　　（B. 23）

is　also　a　compact　subset　of　χ1×‥･Xχl　for　each　た＝l, 2,….

Therefore, we can conclude that the sequence ｛為= （エi,k,…, Xn.た）｜友

= 1, 2,…} has an accumulation point x = 収i,…, 恥）and especially

that it contains a partial sequence ｛町I y=i, 2, ･･･} convergent to X.

Furthermore, identifying L死 f/,-as f/,-,
印it
follows from （2. 14b）that

゛べn £呵び.)×…×(n L痢肌)

　=( n／^び)×¨'×ぐこ。)毎次)

＝(玩U)×…×(句醜)．

Since / is the continuous mapping, we obtain

(B. 24)

　　　　1些殆ニj゛⇒lim /(xi･kj, ■･‘･・・･り)ニfiXi."'･ ゛n)=y.　　　(B.25)

Hence, f(xi,…, 易)＝y with

X＝(Xi,･‥,X。)∈(LaU)×…×(句心)

as shown in (B. 24), and (B. 26)shows
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収1，･‥,‰∈{(w,，…,叫fEXiX…xxﾊﾞ(y =/(≫,,…,叫))

八(A(旬iELUUi))}≠玖 (B. 27)

which is a contradiction. Therefore, there eχists an element (χu…，

X。)such that y＝/xu…, X。)with X汲≡LaUi for each i＝1，…, n, which

means (B. 15)holds.

㈲　Proof of 八びx ,…, 次)∈ぽ(y):　It is obvious that /(び,,a.　…，

醜,。)is compact because of the continuity of /. Furthermore, using

the equalities given by (3. 35a), and (3. 35b)proved in (i,t follows

that

f]D

I
/(び1皿‘¨'広'“)ニムづ(Uχ，…，UJﾆﾉLてUχご¨'L-tU,.)

　　　　　　　ニ r｢｣つ1)八つ1))≠9　(B. 28a)

and

　　　SUpP./(びi,…,Un)＝C＼。U (J(びu…, On)).

　　　　　　　　　　　　　　　　　O6(0.1)

　　　　　　　　　　　　　　=cl.Lo/(びi,…，広)

　　　　　　　　　　　　　　＝cl./(Lot/,,…,Lot/,,)

　　　　　　　　　　　　　　⊆cl./(cl.£oびi,…,£tJn)

　　　　　　　　　　　　　　=/(cL£oび,,…,cl.Loびi)

　　　　　　　　　　　　　　=/(supp.仏,…, supp. U,)｡　　　　　(B.28b)

Since /(supp. Ui,…, SUpp. On)is compact because of that of (supp。

び1)×‥･×(supp.已)and the continuity of /. Hence, supp./(肌，…，

tin)is also compact because of its closeness and the compactness of

/(supp. びi,…, supp. 次).Therefore, we can conclude /びu…, 広)E^

卯(Y)。
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C　Proofs of Proposition in Section 4

Proof of Proposition 4. 1

　　　The property of mW､…, t7jv)E汐(X)and those given by (4. 4

a)and (4. 4b)are verified as easy application of Theorem 3.2.

Hence, only m(Ui，…, ふ)e鴫(X)will be shown when 醜∈鴫(O)for

each i＝l,…. N.

　　　Let畠^呪OO)and 略')巳醜a for each i = l，…,A^and ｿ＝i and 2.

Furthermore, let z,z(")and z(≫)berespectively given by

z ＝λ2(0十(1－λV≫　for∀λE[0, 1]

　　　　Ⅳ

z(')＝Σv}:')

　　　　1=1

Then, z can be rewritten by

　　　　　　　　　　　　　zニΣλ卵）十Σ（1

-

-

-
-

i=I iコl

forﾌﾟ＝land 2.

Ⅳ
Σ(λ卵)十(1一λ

1=1
y
Σ

■=1

絢

-λ略f

)略≪))

where

Ui＝λ略≪十(1－λ)略')^びい

(C. la)

(C. lb)

(C.2)

(C.3)

because of the convex property of びi,。,which implies zeΣ仁ひO

and hence the convexity of ΣUびいis proved.　The convexity of

(imΣ‰fしi^ easily verified from that for Σ‰し，and this

means m(Uχ…, Un)^鴫(χ)。
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