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On Basic Arithmetic Operations for
Fuzzy Sets Obtained as Vague
Perceptions of Crisp Phenomena

Tokuo Fugubpa

Abstract

In this paper, some of basic properties for a class of fuzzy sets in
a metric space are investigated intensively with the help of set
representations of fuzzy sets.

1 Introduction

The purpose of this paper is to study the properties of fuzzy sets,
which will become basic .tools for in vestigating fuzzy random
vectors given as a model for vague perceptions of random
phenomena [1~T7].

Section 2 is devoted to investigate the basic properties of fuzzy
sets in a metric space, where a fuzzy set is define_d through the set
representation approach, i.e, given by a triple of the basic space,
the set representation and the predicate. The set representation

approach adopted in this section is utilized throughout following
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sections. In Section 3, the functions of fuzzy sets and the operations
between fuzzy sets are studied with the help of the extension
principle concept [8]. Finally, some of basic properties of arithme-
tic means and variances for fuzzy sets are investigated in Section 4.
It should be noted that all the results in this paper are extended

or modified versions of [9].
2 Set Representation Approach of Fuzzy Sets

In this paper, a fuzzy set U given as a vague perception of u,&X is
defined by the triple

U=, {U. | a0, D}, sp), 2.1

where X is called the basic space; sy is the predicate, i. e,Sp: X—>P
with 2 the “universe of discourse” defined by a set of statements,
assigns a statement
so(x) ={x coincides with u,)
={r=u}

to each element x€X; and {U, | a< (0, 1)} is the family of subsets

2.2

of X satisfying

LUCUCL:U for vae(0,1) 2.9

In (2.3), L,U and LzU are the strong cut and the level set of [J at

the level d defined respectively by

LO={x| x€X) A (D) ) >a)} for ae[0, 1) (2. 4a)
LU= | GEX)A (D @) =a)} for ac(0, 1], (2. 4b)
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where (I (x) is the membership function of U given by
(D) ) =t(ss(x)) 2.5

and ¢() in (2.5) is the truth function of * in the sense of
multi-valued logic. The criép point u, in X, which gives the vagué
perception, i.e, the fuzzy set U, is called the original point of U,
The definition of fuzzy sets adopted in this paper is a modified one
originally proposed by Kwakernaak [10]. Furthermore, we call the
family of subsets {U,]a€(0, 1)} defined by (2.3) as the set
representation of a fuzzy set . This view is slightly but not
essentially different from its usual definition (see e. g. [11] or [12]).

Since

min(a, li,0(x)) ={a’ it (D&=2a

0 if O)G<a, 2.6

it follows

(0) @) =supfa | (ID ) 2}
=sup{min(a, ILag(x))}, @.70

Hence, if () (x) >0, we can infer

(O) (x) =sup

sup

o,

min(a, ]Laﬁ(x>)}

a| (@0, 1) A GELD}

2| @€, DIAGELD)

al @@ DIA ey}

>suple| @€, D) A GELD]

=) ). 2.8)

Il

e,

il

o,

sup

e,

Zsup

Therefore, defining sup #=0, we can conclude
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() @) =suple| (@0, DIAGEET)}

and the following theorem is obtained :

Theorem 2. 1 Let U= (X, {U, | a0, 1)}, sp) be an arbitrary fuzzy

set. Then, we have

(D) @) =supfa | (@€ (0, D) A GET,)) 2.9

with sup ¥=0.

As seen from the definition of fuzzy sets given by (2. 1), there
may be many fuzzy sets which have same strong cuts and level sets
at every level a& (0, 1). This causes the following definition of the

equivalence of fuzzy sets:

Definition 2. 1 Two fuzzy sets U and V is called equivalent and
denoted by U=V, if

L.U=L,V and LgU=L;V for veec(0,1). (2.10)

It is easy to see from Theorem 2. 1 that the system {V, | e (0, 1)}

with the relation
LUCV,CL:U  for Ves(0,1) (2. 1D
satisfies

(@) () =supfa | (@€ (0, DYA ET)}
=supfa | (@€, DA GE Vol
=M ), (2.12)
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and hence U and V satisfy (2.10). Therefore, the :following

corollary holds:

Corollary 2. 1 If the following relation
LUCV,CL:U for Vae(0,1) (2.13)

holds, then U=V, where {V, | a€ (0, 1)} is the set representation of V.

Theorem 2. 2 Let U=(X, {U. | a€(0, 1)}, sp) be an arbitrary Juzzy

set. Then, we have

LU= |J U for a€l0,1) (2. 142)
g, 1D
and
LU= () Uz for ac(,1]. (2. 14b)
Be(0, @

Note: For the derivation of (2. 14a) and (2. 14b), it should remind

of
ﬁgl) Up={x| 38 (@ DT}
={x | there exists 8 (a, 1) such that x€0T, (2. 15a)
and
36@:1) Us=1x |vBE (0, @) xETp)}
={x|for any BE (0, @), x= T} (2. 15b)
holds.
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Hereafter, let the hasic space X be a metric space and let {U, | «
£(0, 1)} be the set representation of the fuzzy set U. Then, the
collection of all fuzzy sets in X is denoted by 4(X) when it satisfies

that

(1) Naeen U9
(i) U, is compact for each a& (0, 1)
(i) supp. U defined by supp. U=cl. Useq,n Ua

is also compact.

It is clear from (2. 10) and (2. 14a) that if U is equivalent to V, i. e,
U=V, then supp.U=supp.V. In the following, we do not
discriminate equivalent fuzzy sets. The family of fuzzy sets is
denoted by %.(X) when its each element U is the member of ¥(X)
and its set representation is composed of convex sets. The fuzzy
sets on the basic space X will be represented by using capital letters
with tilde.

Theorem 2. 3 Let U be a fuzzy set in 9(X). Then, LU is compact
each a0, 1). Furthermore, if UE%.(X), LU, LU for va<(0, 1),
and supp. U are convex,

The proofs of Theorems 2. 2 and 2. 3 are given in Appendix A.

3 Operations on Fuzzy Sets

3. 1 Fuzzy Functions

Let f: X—=Y be a mapping from a metric space X to another metric
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space Y. Then, the image of ACX is the subset of Y defined by
fA)={yeY |y=f(x) with xE4}. 3.1

Suppose that U= (X, {U, | (0, 1)}, sp) is a fuzzy set, and consider
the statement

sin(¥) ={y coincides with f(u,)}, 3.2

where u, is the original point of UU. Then, the above statement

should be rewritten by the following composite statement :

s () =\ {(y=FG) A G=u,)}

xEX

=\ {(y=G) A (ss))}, 3.3

X

where sp(x) is the statement associated with the predicate of U.
Therefore, according to the concept of the extension principle of
fuzzy set proposed by Zad_eh [8], it may be reasonable to evaluate

the truth value of sy, (y) as follows:
t(syr () =sup{(D) ) |y=Fx) with xEX]. (3. 4)
Let assume
n€{y | tlsxr () >al. (3.5

Then, using (3. 4) we can find a £&X such that =) with ()@

> and this follows

n€{y|y=f&) with x€LJ}, (3.6)
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or equivalently
{9t (9) >} SF L. 3.7
Furthermore, if
nEfL) ={y|y=Ff&) with xEL:T}, (3.8
there exists ¢&X such that 7=,() with ¢€LzU, which implies

775{3/|Sup{(l7)(x)ly=f(x) with xeX}>af
={y|tlsr(»)) >a} (3.9

or equivalently
FLDE{y |t () 2a), (3. 10)
Invoking here the relation
LUCU.SL:U for Vae(0,1)
given by (2. 3), and using (3. 7) and (3. 10), we have

{9 tGrar () >a}SfL D ST,
SfLD Sy |t =a} (8. 11)

for vae (0, 1). Therefore, the following definition concerned with
the fuzzy function should be reasonable:
Definition 8. 1 The fuzzy function V=5(U) as the generalization of

the mapping of f: XY is given by

sz(ﬁ) =<Y, {f(0) | a0, D}, S/(ﬁ)). (3.12)
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It should be clear that the strong cut and level set of V are given

respectively by

LV=Lof(@D={y| (D) () >a} (3. 13a)
LeV=Laf (M ={y| (D)) () 2a} (3. 13b)

with
(D) ) =t(spn (). (8. 13¢)

Hence, from (3. 11), (3. 13a) and (8. 18b), it is clear that
Lof(DE fFLD) S fF(U) S fLalD) SLaf (D). (3. 14)
Furthermore, assume that

1€fL)={y|y=F() with xEL, U}
={y]| (Y=FEIN (D) &) >a)). (8. 15)

Then, we can find that there is at least one element ¢€L,U

satisfying 7=7(), which yields

n=FQOE(y| (y=FG) A (D) @) >a)}
S{y|sup{(D @) | y=Fx) with xEX)} >a}
={y] (s () >e}
=L/ (D), (3. 16)

or equivalently
FLDCL D) for ac[o,1). 3.17D

The inclusion of L.f(0) to f(L.0) for a€(0, 1) has already been

shown in (3. 14), and that for «a=0 is also obvious from the
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derivation process of (3. 14). Therefore, the following proposition
holds:

Proposition 3. 1
Lof(D)=fL ) for as[0,1). (3.18)

For the level sets of U, the following theorem is obtained :

Theorem 3.1 Let U=(X, {U.| a0, D}, sp) be a fuzzy set in
@ (X), and f: X—Y be a continuous mapping from a metric space X to

another metric space Y. Then,

FO=(Y, {f(T) | a0, D}, syn) (3.19
is the fuzzy set in 9(Y) satisfying

Laf(@) =F(La0)  for vae(, 1]. (3. 20)

3. 2 Operations Between Fuzzy Sets

For the arithmetic operations between fuzzy sets, consider the

following statements:
sy, ~ 0,y(3)=1{y coincides with f(uie, -, o)}, (3. 21

where u;, is the original point of U; and f: X;X-+XX,—Y be a
mapping from the product space of X;(i=1, -, #) to Y. Then, the
above statement should be rewritten as the following composite

statement :
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s o=V {v=r@, - 5D AA G

xEX X X X,

=V (o a(Asen) 6o

XEX XXX,

where sg,(x) is the statement associated with the predicate of U,
Therefore, according to the concept of the extension principle of
fuzzy set, it may be reasonable to evaluate the truth value of

Sy, 0,)(¥) as follows :
(s, - v,,)(y))=sup{ier(§1ipm(l7f) (x2) ] Cy=rfla;, =, x.))

AMA@ED) 6.2

Let assume
n€{y|tlsya,. -, 0, () >al (3. 24)

Then, using (3. 23) we can find a {EX;(G=1, -, n) such that 7=
&, -, &) with minsey, - » (U (&) >a and this follows

refy| G=r@, - 2N A(A L)) @. 25)
or equivalently

(3] tCssw,. - 09 (0)) >a}SFLLT, -, LT, (3. 26)
Furthermore, if

nEfLaly, -, LzU,)
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~{y| =G, - =DA(A GELDDY, @20
there exists GEX;(i=1, - #) such that p=£(&, -, &) with GELaU,
which implies
nely } SuP{;er(?i.f,‘n) @) ) . (y=fCx, -, xn))/\(i/:\l ®EX) )} 2a

={y|tCspa,. - v)(¥)) =0} (8. 28)
or equivalently
FLal,, -+, LaU) S{y | t(spw,. - 0,,()) 2t} (3. 29)
Then, applying (2. 3) to (3. 26) and (3. 29), we have

{y 1 t(sf(l?l, ) (7,,)(3’)) >a}gf(La[71, Y La[j>§f<Ul,ay B ﬁn, a)
SfLaO, -+ LaUDS{y | (s, - op(3) =} (3. 30)

for Yae(0, 1). Therefore, the following definition concerned with

operations between fuzzy sets should reasonable:

Definition 3. 2 The fuzzy function V=f(,, - U, as the

generalization of the mapping f: X, X - XX,—Y is given by
V=fT, = UD)=(Y, {f(Oa, =, Uno) | 2€(0, D}, sp0,, - 5p), (3. 31)

where sy, -, 0,) 1S the predicate associated with the statement given by
(3. 21) ; and U, . is the element of the set representation of U, for each i

=1, e A

It should be clear that the strong cut and level set of V are
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given by

with
(O, - O () =t(sp@,. . 0,y( ). (3. 320)
Hence, from (3. 80), (3. 32a) and (3. 32b), it is clear that

Laf([]l’ Y ﬁn>gf([1a(711 Y Laﬁn>gf<ljl,a» Yy Un,a)
CFLaly, - L) SLaf (1, - T (3.33)

Using the similar procedure as that for V=£(0) given in Subsection

3.1, the following theorem is obtained:

Theorem 3. 2 Let {U=(X:, {U;.| a€ (0, D}, sg);i=1 -, n} bea
collection of fuzzy sets in 9(X:), and f: Xy X XX,~>Y be a mapping
from the product one X, XXX, of the metric space X; lo the metric

space Y. Then,
FO,, Ty, o, O =(Y, {f (O, -+ Una) | 2€Q DY, 50, 0y) (3. 34)
is the fuzzy set salisfying
Lof(Uy, -+, U)=fLT,, -+ LUy for Va€[0, 1 (3. 350)
and
F@LaU,, -+ LU SLaf (O, -, Un)  for vas (0, 1]. (3. 35b)
Furthermore, if f is a continuous mapping, f(U,, Us, -, U,) is the
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element of $(Y), and the equality in (3. 35b) holds, i. e.,
Laf (Ui, -, O)=fLs0,, -+, LaU,)  for Vae (0, 1]. (3. 36)

The proofs of Theorems 3. 1 and 3. 2 are proved in Appendix

4 Arithmetic Means and Variances

Let Ui=(X, {U;. | a=(0, D}, sg) (=1, -, N) be a sequence of fuzzy
sets. Then, the arithmetic mean of {U;; i=1, -, N} is heuristically

given by

m Oy, -, O =(X, {m(T1, - Ox))e | a€(0, D)}, Sm(,. -+ Oy))

M=

1 ~
- U;, “. D

i

it

where S, - o,» is the predicate given through

N
Sm(@y, ~, o) (V) ={v coincides with % U o}. 4.2
i=1

For the arithmetic mean m (0, -, Un), we have the following

proposition :

Proposition 4. 1 The arithmetic mean m(T,, -, Uy) given by (4. 1)
is the element of ¥(X) when each member U, is the element of % 0,

and its set representation is given through

N
(m(O,, -, UN))a:—]lv > U..  foreach a=(0, 1). 4. 3)

P

The strong cut and level sets are given respectively by
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N
Lo (T, - le)—% SiL.U;  for each a< [0, 1) (4. 4a)
=]
and
- . - -
Lam(U,, -, UN>-W— ST LsU;  for each a€ (0, 1]. (4. 4b)
= |

Furthermore, if U;€%.(X) (=1, -, N), m(Uy, -, Uy) is an element of
F.(XD.
The proof of Proposition 4. 1 is given in Appendix C

In the following of this section, we restrict the basic space X to
the (n-dimensional) Euclidean space R*. Furthermore, the fuzzy
sets in this section will be also restricted to those in 4. (R"). Fuzzy
sets in %.(R") are called “fuzzy vectors” in this paper. Hereafter,
fuzzy vectors are represented by the lowercase letters with tilde like
i, 7, etc. . '

Let {&: 1, 2, -, N} be a series of fuzzy vectors in 4.(R"). Then,
using Proposition 4.1, it is clear that the arithmetic mean of {%}

given by
1 N
m(&y, - xN)—W ; (4.5)
is a fuzzy vector in 9.(R*) with

(m(x,, - xN))azjb—ﬁ] for each a< (0, 1), 4.6)

N
Lan(%y, =, fn) = % Z for each a€ [0, 1) (4.7a)

and
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N
Lom (%, - %n ——%[— 2 for each a< (0, 1]. (4. 7b)
=1

Next, Consider the statement Svar(s,. - 1y (M) such that
Svara,, - 10 (M) = {M coincides with var.(x,o, = %y}, 4.8
where var.(x,,, -, %x.,) is the variance of {x;,;i=1, -, N}, i.e.,
1 N
var.(o, o o) =735 33 (%= m@ro, *, 2n0))
i1
X(@o—m (o, +, Zno))’
_1 13 2
“‘N-Z;xzoxzo <N 2—7@10)(1\[ gxi,c): (49)

and x;, is the original vector' of the fuzzy vector #i=(R" (%, | a€

©, D}, sz). Then, as a kind of the fuzzy variance of {x;: f=1, -

»

N}, we have

var.(%,, -, )

=<R'Ixn, {(Var.(ﬁl, Y fN))a I QE(O, 1)}: svar‘(il, XN))y (4 10)

where

(var.(&,, -, Zy))e=var.(%; 4, -, ZN o) (4. 1D

and

var.(fi«, =, In o) =z |z2=var.(x,, -, xx)

with xE%; , for each i=1, -+, N}, 4.12)

) We call the original point of the fuzzy vector the original vector.
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where var.(x;, -, xy) in (4. 12) is given by (4. 9) replacing x;, by
x;. Furthermore, applying Theorem 3.2 to (4. 10), we have the

following proposition :

Proposition 4. 2 Let {%;;i=1 -, N} be a sequence of fuzzy vectors.
Then, the fuzzy variance given by (4. 10) is a fuzzy set in (R™™™), and

satisfies
Lo(var.(&,, -, &) =var.(L %, -, LeZy) for va&[0, 1) (4. 13a)

and

La(var.(%,, -, Zx)) =var.(Lz%, -, LaZy) for Va&(0,1]. (4.13b)
5 Conclusions

In this paper, the some of .basic properties of fuzzy sets obtained as
vague perceptions of crisp phenomena have been investigated
theoretically. '
Adopting throughly the set representation approach for fuzzy
sets, the basic properties of fuzzy sets and their functions have been
studied with the help of the extension principle concept. Finally,
some of basic properties of arithmetic means aﬁd variances for
fuzzy vectors have been also investigated, which will be utilized for
investigate statistical properties of fuzzy random vectors proposed

by the author.
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A Proofs of Theorems in Section 2

Proof of Theorem 2. 2
Proof of (2. 14a): Using Theorem 2.1, we have

LO=sup{B| (BE 0, V)N GETR)} >a (A.D

when xEL,U. Therefore, there exists 8 (a, 1) such that x&0U; and
this yields

B(a, 1)
or equivalently
LUc | Us. (A.3)
pe(a, 1)

To show the inclusion in the opposite direction, we choose an x

such that

e U U, (A4
Bl 1)
Then, there is an € (a, 1) such that x&Uj, and it follows
xeU,CLUCL,U, (A.5)

or equivalently

UsC LU (A.8)

Bela, 1
Proof of (2. 14b): Letx€LzU. Then, it follows
Laﬁ=sup{,8[ (B (0, 1))/\(xEUﬁ)}2a (A7)
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and hence for any 8 such that B& (0, a), we have x& U/; which means

B0, a)
or equivalently
LEUC m [jﬁ (A 9)
B, a)

Conversely, assume that

x€ () U,. (A 10)

B0, )

Then, it follows x& U, for any 8 such that BE (0, @) and therefore
() () =sup{B| (B (0, D) A @ETp)} 20 (A.11)
which means x& Lz or equivalently

N O.cL0. (A.12)
BE(0, a)
Proof of Theorem 2. 3
(i) Let U, be an arbitrary element of the set representation of U.
Then, U, is a compact subset of the metric Space X, which means U,
is the closed subset of X, and hence
LU= [ U, (A.13)
B, a)

is also closed. On the other hand, it can be verified from (2. 14a)

that

supp. U=cl. |J U.=cl L,0. (A 14)

a0, 1)

It is obvious that
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LaU={x | (0) ) za}<{x | (D) (x) >0}
=LUCScl. Lill=supp. U for a=(0, 1), (A.15)
which means
LzUCsupp. U. (A.16)

Therefore, we can conclude LzUJ is compact because of its closeness
and the compactness of supp. U.
(i) Assume that UE%.(X). Then, using (2. 14b), the a-level set of
U is given by

LU= [\ Us, (A 1D

Be(® o

and hence LzU is convex for Vae (0, 1] because of those properties
of U, for vBE(0, 1). Furthermore, from (2. 3), (2. 4a) and (2. 4b),

it is easily verified that
Lo US U5 CLEUC LS Up CLED  for fr2fr>0, (A.18)
from which we have
Us,SUs, for B128:>0. (A.19)

Let x; and %, be the elements of L,U. Then, there are U, and Tj,

such that
xEUs and x&U,, (A. 20)
because of
LU= |J Us, (A.21)
peta 1)
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which is given by (2. 14a). Hence, setting Bmn=min(By, 82) and Bmax
=max ({8, B2, it follows from (A. 19) that

Us,..SUs,,. (A.22)
Therefore, it is clear that
pE(a, 1)

x=tm+(1-0xc0; & |J Up=Ll for vte[0, 1],  (A.23)

which means L,U is convex for Vae [0, 1).

(i) Assume that U€%.(X). Then, from the result of (i), we have

Loﬁ:’: U ﬁu (A 24)

ag@ D

is convex. Then, we know that cl. Lol7 is also convex, which means

so is supp. U.
B Proofs of Theorems in Section 3

Proof of Theorem 3. 1
(i) Proof of (3.20): As given by (3. 14) and from its derivation
process, it is obvious that f(LzID)CLzf () for ¢=(0, 1]. Hence, in

order to show (3. 20), it is sufficient to prove
F@LaD)2Laf(T)  for a= (0, 1]. (B.1
Let define M;.x(y) by
My x(0)={) @) | (y=r) A @eX)}. (B.2)
Then, Lzf(U) may be rewritten by
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Laf () ={nEY | sup My x(n) za}. (B.3)
If y&Laf(0) holds, then, we obtain
sup My, x(y)za. (B.4)

Assume here that there is no x such that y=f(x) with x&LsU.
Then, it should be that

B<a for VBEM;. x(¥). (B.5)

Therefore, @ is an accumulation point of M, x(¥), i.e, there is a
strictly increasing sequence {a.| k=1, 2, -} of elements a,€

M. x(y) with
a,ta ask—o, (B.6)

The property a,&M;. x(y) is connected with the existence of %, EX,

which satisfies the condition y=f(x,) and () (xs) =a,, and hence
xELzU. (B.7

Since we have assumed U=%(X), La—kﬁ is a compact subset of X for
each k=1, 2, -+ as shown in Theorem 2.3. Therefore, we can
conclude that the sequence {x,| k=1, 2, '~} has an accumulation
point x and especially that it contains a partial sequence {xkj | j=1,
2, -} convergent to x. Furthermore, identifying L;,kfjf] as ﬁak]_, it
follows from (2. 14b) that

x€ (\Lab= (N Li=L0 (B.8)

i=1 7 B a)

Since f is the continuous mapping, we obtain
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lim xy =x > Lim f Ge) =1 ) =y. (8.9

Hence, f(x) =y with x€LzU as shown in (B.8), which means
xefweX | (y=fw)) AN wELD}+#8, (B.10)

which is a contradiction. Therefore, there exists an element x such

that y=f(x) with x&LzU, and this implies (B.1) holds.

(i) Proof of f(U)E%(Y): It is obvious that f(U,) is compact
because of the continuity of f. Furthermore, using the equalities
given by (3. 18), and (8. 20) proved in (i), it follows that
N fO)=Lrf@ =Lz D= [\ Tu)#8 (B. 11a)
2E@ 1) s (@ 1)
and

supp. f(I) =cl. UD D) a=cl. Lof(D) =cl. f(LoT)

(0,

Cecl. flcl. Lol) =f(cl. Lol7) = f(supp. U). (B.11b)

Since f(supp. ) is compact because of that of supp.U and the
continuity of f, and concequently supp.f(0) is also compact
because of its closeness and the compactness of f(supp. D).

Therefore, we can conclude f(T)E%(X).

Proof of Theorem 3. 2
(i) Proof of (3.35a): The inclusion of L.f(T,, -, U,) to f(L.T,,
-+, LoU,) for ¢ (0, 1) has already been shown in (3. 33), and that

for a=0 is also obvious from the derivation process of (3. 33).
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Therefore, in order to show (3. 35a), it is sufficient to show

fW@oUy, +, LODELef(Uy, -+, Uy forac [0, . (B.12)
Assume that

nE€f(LaU1, -+ LaUy)

=[] =rGn, =) A(A L))}

=] =r@, - EN AN @ @ >)} (B.13)
i=1
Then, we can find that there is at least one collection (&, -, &)
such that
({1 PR (n)e(Laﬁl) Koo X (LaUn)
satisfying n=£(&, -+, &), which yields

1=1Gi. - WEf] =r6n, - 2D A(A (@G >a))

| sup{ min, @6 | (=rG, - 2 A(A GiEXD) >}
={y|t(ssw,. - 0y () >Ia}=Laf(ﬁ1, s U, (B.14)

which is equivalent to (B. 12).
(i) Proof of (3.35b): As given by (3. 33) and from its derivation

process, it is obvious that

f(La'UI: Y Lﬂﬁn) ;Lﬁf(ﬁl » T '[771) (B' 15)
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for (0, 1]. Tence, in order to show (3. 35b), it is sufficient to

prove
FUs0, - LU 2L, -, U for ae= (0, 1]. (B.16)
Let define My, x,,.x,(3) by
Myix, -, (9)={ min (@)@ | (y=Fx, - %))
A A\ e X)) (B.17)
Then, Lzf(U,, ---, U,) may be rewritten by
Laf (@, -+, U)={nEY |sup My.x,..x,(m) >a}. (B.18)
If y&Lzf(Uy, -+, U,) holds, then, we obtain
sup My, x,, . x,(¥) 2a (B.19)

Assume here that there is no (x;,. -+, x,) such that y=f(x;, -, x,)

with x;EL3U; for each i=1, -, n. Then, it should be that
B<a forall BEMy;x, . x,(¥). (B.20)

Therefore, @ is an accumulation point of Myix, Xn(y), i.e., there is
a strictly increasing sequence {a,| k=1, 2, ---} of elements a,&

Mj;x,, - x,(¥) with
a,ta as koo, (B.21)

The property a,€M;;x, .- x,(¥) is connected with the existence of
x; »&X; for each i=1, -+, n which satisfies the condition y=f(x; », =

’

% 1) and (U) (x; ) =ay for each =1, --, n, and hence
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x:ELz U for each i=1, -, n. (B.22)

Since we have assumed U;€%(X,), Lz U; is a compact subset of X;
as shown in Theorem 2.3. Therefore, using Tychonoff’s theorem, it

can be shown that
Lz U)X+ X (Lz; U (B.23)

is also a compact subset of X;X++XX, for each k=1, 2,

Therefore, we can conclude that the sequence {x,=(x ¢, Xnw) | R
=1, 2, -} has an accumulation point x=(x;, -, x,) and eépecfally
that it contains a partial sequence {xkj [7i=1,2, -} convergent to x.

Furthermore, identifying Lz; Us as U, 4, it follows from (2. 14b) that
xe(é La;ej‘_fh)X x(ﬁ L%m)
(), 0( 1, 50)
= (Lal0) X+ X (Lal). (B.24)
Since f is the continuous mapping, we obtain
lm x = = Um fCey o 2w =G0, o %) = (B.25)
Hence, f(x,, -, x,) =y with
x= 1, o, %) € Laly) X X (Laly) (B.26)

as shown in (B. 24), and (B. 26) shows

—158—



Tokuo Fukupa EFFIREERIE Vol 4 No.2

Cey, o, Xn>E{(w1, W EX XXX,

(y=flwy, =+ w))
AN eLd)) =8, (B.27)

which is a contradiction. Therefore, there exists an element (x;, -,
x.) such that y=F£(x,, -, x,) with x,&LzU; for each i=1, ---, n, which
means (B. 15) holds.

(i) Proof of f(U,, - U)E%(Y): It is obvious that f(U, ., -
U, «) is compact because of the continuity of f. Furthermore, using
the equalities given by (8. 35a), and (8. 3$b) proved in (i), it follows
that |

() fWva, = Ond=L1f(Oy, -, U)=fUx Ui, -, L1Ux)

a& (0 1)

(N Tiev () Tua)#8  (B.282)

a0, 1) ae (0 1)
and

supp. f(Ty, - ) =cl. U O, -, U))e

a& (0, 1)

=cL Lof (U, -, U,)

=cl. f(LoU,, -+, LoU,)

Ccl f(cl. Lol -, LT,

=f(cl. Ly, -+, cl. Ly0y)

=f(supp. Ui, -+, supp. U,). (B. 28b)

Since f(supp. U, -, supp. U,) is compact because of that of (supp.
U)X+ x (supp. U,) and the continuity of f. Hence, supp. f({7;, -,

U, is also compact because of its closeness and the compactness of

f(supp. Ui, -, supp. U,). Therefore, we can conclude f(0,, -, U,) &
@ (Y).
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C Proofs of Proposition in Section 4

Proof of Proposition 4, 1
The property of m(U,, -, Uy)E%(X) and those given by (4.4
a) and (4.4b) are verified as easy application of Theorem 3.2.
Hence, only m (U, -, Uy)E%.(X) will be shown when U.€%.(X) for
each i=1, -+, N.
Let U:£%.(X) and u’€U;, for each i=1, -+, N and j=1 and 2.
Furthermore, let z, 2 and z® be respectively given by
2=z + (1 ~-1)z® for va& [0, 1] (C.1a)
N
2P = 125 ul” for j=1 and 2. (C.1b)

Then, z can be rewritten by
N N
2=, 0+ 2, 1—Du®
el i=t

N
=3, QuP+ 1 —Du®)
i=1

i

N

where
w=2uL+(1-DuPel;.q (€.3)

because of the convex property of U; o which implies zE€ Z?’:lUf,a
and hence the convexity of fo_.llj,-,a is proved. The convexity of
(UNYSY T, is easily verified from that for LY, Uie and this
means m(U;, -+, Uy) EG(X).
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