
Otemon Economic Studies,  18 （1985 ）

ON THE LORENTZ INVARIANCE OF
MAXWELL'S EQUATIONS

FUMIOKI ASAKURA
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§0.   Maxwell's equations in vacuum take the form

∂, E －curl  H  =∂,H 十curl  E ＝0

div£＝div 亙=  0

setting the speed of light c ＝1. Here  E denotes the electric field and 涅the

magnetic field. Setting F =  E 十iH  (μ ＝ －1), we have

(0.1)　　　　　　　　　 ∂,F 十f curl F ＝0

div F=  0.

Let us difine a matrix by

7 ＝（7“ ） ＝

｜ O 一iF,　iF.  －F

炉

茫

F,　　F,　　Fs　　0

Then we have the equations in a covariant form

(0.2) Σd<  T' ＝0　 （1  <  f <  4,   x, ＝t）
;=i

F ＝‘（FしF, ，Fs）

（see  （5] ）.  We regard T' as a （2,0）-tensor field m 尺 ＼

Namely we set

(0.3)　　　　T'l  ＝Σ5.-, Bn T゛,    B ＝( 鼠j) ＝A -1
た,l

for another coordinates i relating to x as χ ＝Ax 十a  with a non-singular

matrix  A and  aeR ＼、We can see easily thaけhe system (0.2)is written with

the new coordinates as

(0.4)　　　　　　　　　 Σ ∂'i Y^i; ＝0 。
;=i

However under these affine transformations q^ii does not preserve its form,
－　　　　　　　　　　　　　　　　 －

that is :T'Moes not come from a single field F. We say that a non-singular

matriχ j is a conformal Lorentz transformation, if j satisfies
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'AJA  ＝ λ7　　with　 λ＞0。/ ニ

ビ　1　i:　O 〕

O　　　 －1

In this note we shall show that if A is a proper conformal Lorentz transfor-

mation  （see  §1 for the definition ）, there exists a representation 回(A ）oiA

such that 7 comes from the field y ＝ 回(A ）F. Hence  （0.4 ）is written as

(0.5)
－　　　　 －－　 －

∂,F 十i  curl F  ＝0

-
div F ＝0.

Let us return to the covariant form (0.2）of the equations. Letχ be an

infinitesimal conformal Lorentz transformation.    We shall see that deriva-

tives∂'i（l<.

(0.6) £χΣ ∂iTり ＝ Σ ∂j(LχT)‘'＝O.
J=l　　　　　j=l

Moreover we shall show that there exists a vector field χ such that LxT also

comes from the field XF. Consequently we find by (0.6)that  又f  satisfies

(0.7)　　　　　　　∂,(XF)十fcurl(XF)=O

div(XF)=  0.

As is well known, the energy integral

＼＼F（t) 112 ＝lj れXJ ）12心

does not vary with t, if F is a solution to Maxwell' s equations. (0.7)says that

lにXF(t) ‖and even II 1"F(O ‖are constant with respect to t. Thus we find

that II 又"F(t)|I  is estimated by the derivatives of F(x,O).

In conclusion, we should reffer to the works of s. Klainerman  ([2]   ,

[3]) on non-linear wave equations and non-linear Klein-Gordon equations.

For  the D' Alambertian □,  we can show directly

[□,x] ＝O　　mod  (□),

if χ is an infinitesimal conformal Lorentz transformation. Thus we find that

u is a solution to the wave equation

Du  ＝0,

then the energy of X ‰is estimated with the derivatives of the initial value

of u. Klainerman has effectively used these arguments for establishing

global in time solutions to those equations.    Following the same way as

Klainerman,  we can obtain global solutions to non-linear Ma χweir's equa ，

tions.

§1.    A point χ in j? n + 1 is represented by an ordered n-tuple of real numbers

(2)
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(Xi
 , X2 ,

…, Xn+i)，which is called the canonical coordinates. R ヤl is endowed

with the Lorentz metric

-

-

Σ 恥Vi － Xn  + lVn+l

収jy ）

The matrices satisfying

O
べ

蒔
い7

'ATA  ＝λJ(λ＞O)

constitute an n(n  ＋l)/2  ＋l dimens ・ional Lie group, which is called the

conformal Lorentz group and denoted by co(n,  1).  The connected compo-

nent of £(the unit matrix),  denoted by CSO ゛(n,1)is represented as

CS びin,  1)=  {A ＝(au) ∈ 鮮(n ＋1) ｜'AJA  ＝λ/(λ＞O)．

det ^ ＞0, α
 +l ^l

＞O}.　 ｀

We call cso べn,1)the proper conformal Lorentz group. We say that i ＝

(Xl,X2, …, x≫+i)is an admissible system of coordinates of R “1 when　i is

related to the canonical coordinates χ as　　　　　　　，

X ＝Ax 十a, A E CSO ゛(nA) ，α∈i?“'.

We denote R " ■'■with the admissible coordinates by ぼ゛＼，which we call the

Minkowski space. Set

C0(n , 1)＝{a  ＝(an)  ∈M(n  ＋l) ｜a  ＝a' 十肛

'a'J 十Ja' ＝0, λei?}.

Then eo(n,  1)is the Lie algebra

expressed as

X  ＝Σ( 恥 勾十α/)(∂,)，

associated to CO(n,l).　A vector field

(an)G  cφn,  1),

(a,) ∈i ぞ゙ >.

is　called　an　infinitesimal    (inhomogeneous)conformal　Lorentz　trans-

formation  (see[1]and[4]).We denote hy  £(訂¨')the set of the infinites-

imal conformal Lorentz transformations.

Let  T  be a tensor  field of type (r, s)defined  on  訂 ”凭T  is regarded as an

(刀＋i) 肖-tuple of functions 荷 ………l沁)

which are subject to the rule of transformation　　　　　　　　　　　　　7

穴I………と ゛)゜k.1 … ぶ βipi…' 召
゛

驚ごニ(^

for　　X ＝Ax 十a,    A =  ノ,)e  CSO ゛(n,!)，B  =  (瓦)=A

easily verify if Te T(゙ )，then　　　　　　　　　　。，

∂ら。驚………:Ξ̂'T'fr.s + O

Namely,∂y works as a covariant derivative on /"+'.

We can

Let X  ＝Σ ξJ・∂i，Y  ＝Σ が∂j be vector fields on M“'; The Lie deriva-

（3 ）



20　　　　　　　　　　　　　　　　　　FUMIOKI ASAKURA

tive of y in X is defined by

LxY  ＝Σ〔j ∂以〕j一ポ∂ぽり∂;'■
μ

For a 1-form CO on /" ＼゙ we define in a similar manner

Lxω ＝Σ(f* ∂,叫 十∂jい 心)血{

The Lie derivatives can be extended in a unique way for the (n;s)-tensors

(see[1]and[4]).  Especially for X e  £(訂“') ，we have

Proposition 1. 1.　　LetX  ＝ 石(cLiiχj十a) ∂i be an in一homogeneous infin-

itesimal conformal Lorentz transformation.　For Y E T(.''皿(i ωe  T("・"，Lie

derivatives are expressed as

LxY  ＝ Σ〔αkiχi∂kが一両・ft I〕゙ )∂，
i.,

£皿
i,k.l

The consideration in this note is based on the next theorem.

Theorem 1.2.　 びX^  £(訂¨) ，Lx commutes  with∂,■ that is:

[£ふ∂/]＝O( プ＝・1.2,…,n ＋l).

Proof.  We prove the theorem forS  ＝(S ゛)∈T(^.").

Setting χ ＝Σ( 叫刄十a) ∂i, we have
り

(Lχs)″＝Σ( α。μ,十α。)∂。s" － a,>, S゙ .
1,揖

Hence

∂λLxs) ″＝Σ(（tmlXl十α。)∂。∂。S''

αi，∂Smj    －α ∂,S"" ＋∂。S‘'α心

＝(£x∂.s)皿

§2.    We return to Maxwell' s equations in the form

(2.1)　　　　　　∂丿 十zcurl F=  0

div F ＝O　( が＝－l,F  ＝E 十iH)

For　　F  ＝'(Fu几,凡), we define Ω(F)by

fi(F)
ソ] レレ]

Using an anti-symmetric matrix T  defined by

（4 ）
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and denoting ∂4 ＝∂,, we have the equations in a covariant form

(2.3)　　　　　　 Σ ∂)T' ＝0　(1  <i ぐ4,  X, ＝t).

We regard 'pii as a (2, 0)-tensorinA 附'. For another admissible coordinates

i which is related to x as

X  ＝Ax 十α　　with j ＝(Ay)^CS ∂べ3,1), α∈? ＼

we set
－

(2.4)　　　　　　V  (x) ＝ΣBi ，・Bj, T` '(x)
~　　k.l
∂j ＝ ΣA ．・∂1

た
with　5 ＝(召u)＝A- ＼

Then the equations are written with the new coordinates as

一 一
(2,3)　　　　　　　 Σ ∂バV'  ＝0　(1  <i<A).

－
We show that 7 has the same form as (2.2).

Lemma 2. 1.　Let T be the  tensor field defined by  (2.4)with  A  e  CS び

(3, 1).  Then  there exists a representation  万(A)of A such that T is expressed as

(2.5)　 デニ( 尹) ニ
ツ ズ) 二)　　with　　F

 二 乱4) し

Proof. We observe that
－
T  ＝BT'B.

Since CSOド(3,1)is generated by the following subgroups

. ＝| び①. ＝Q

G.= L（e）＝

1 0

0　1

0

U  e  S0（3）j

0

cosh θ　sinhθ

sinh θ　cosh θ

G, ＝{ λI  ｜λ＞0}，

社is sufficient to prove the lemma for each subgroup.

（O　　　For  A ＝ び-'① ＼ e  G,, we have

（　5　）

6sR
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BTtB
＝(

万器(F) び
‾
で)

we shall show

（2.6）　　　　　　'UΩ（D び＝Ω（びF）.

Thus we find that （2.5 ）holds with j （A ）＝U.  Note that

Ω（F)u  ＝F  Xu　　M  G  i?'

where F X  u denotes the exterior product of F and u.  Then it follows that

（2. 6）is equivalent to

'U（FX  （Uv) ）＝（UF ）X ノ.

Denoting by 防thei-th column vector of U,  we find that 萌・satisfies

（2.7）　　　　 呪u, ）＝ 恥

Uo χ び3  ＝ びl ,    び3χ び ̂  ＝ 仇，びlχU2 ＝Uz.

For  /＝’(vi,ノ2,仇）, we have

Uv  ＝ひi びi ＋ ノ2 びz十ひ3 Us.

Hence

'U（FXUv)

-

-

-

-

-
-

眺

哨

0

(.F, f/. × び1）

(F,  Us × びi）

＋ ノi

ひi

（防 刀 ノ. －（U.F ）V,

防F ） ノi －（U 、F）哨

呪 刀/2  － 防F ）ノi

(U 、FX防)

(防FX 防)

(防FX 防)

(F.  び,× びi）

0

(F,  防 × びt）

＋Z/3

Vs

(呪FX び,)

(防Fx 仇)

(呪FX びz)

(F,  U, × び,)

(F,    仇 × 防)

0

＝　　　'(UF)XV.

Thus  (2.6)is proved.

(ii )For A ＝£(θ)^ Gz,direct computations show that

BTB ＝L( －e)TL( －e)

(6 ・)
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O

汎
一z凡Cosh θ－Fjsinh θ

i凡smh θ十FiCOsh θ

Then setting

we have

－F,

－几

－瓦

ソ

汎
0

iFiCOsh θ一八sinh θ

－iFiSinh θ十i^2coshθ

zF^cosh θ十F,sinh6'　 一fF2sinh θ一Ficosh θ

∠j几cosh θ宍:sinh ∂　jF ヅEy ∂一八cosh θj

cosh θzsinh6'

－isinhθ　cosh θ

0　　　0

＝B(A)F,

BT'B  ＝
に げ0 ）

0

O
　
I

心

－
2
1
j

I
J
L
 
  
  
l
i

。
 
  
  
[
L

―j
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(iii)　　For ノ ＝A  /.e G3, we have

BT'B  ＝ λ-'T.

Thus we can see that (2.6)holds clearly by setting F ＝λ-？.In this way we

have proved the lemma.

By Lemma 2.1 we have immediately

Theorem 2.2.　　Let　 χ　be an admissible coordinates relating  to x as　χ

＝Ax 十a  with  A  e  CSO ド(i ，1). Then  there exists a ret

such  that Maxwell'  s equations are ex)ressed  with the new  coordinates as

-

divF  ＝0　(f  ＝ ゑ)

with  F  ＝ 万(A 皿

§3.    In this section we seek certain conservation laws for Ma χweir s equa-

（7 ）
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言 二 万 ご 二 二 二 三 ご 二 次 譜 ぷis

LxT  is eχpressed as X

 ＝S  (両爪 十㈲∂，

(3.1)　　　　　　　　　　LxT ＝XT －αT －T'a.

言 言 言 ご 二 二e 二 言 お ご(3,1)such  thä (0)=  / and

(3.2)T(x) ＝B(s)T(Ax 十α)?-
゛(

ヅツニン フ(s))

Differentiating (3.2)in s at s ＝0, we have

XT-aT-Ta
 ＝(

ヅ ゴ ゴ ブ ‾(付 り( 万
＝B'(0))

Thus we have proved

Proposition　3.1.　ForX E L （μ-' ）、here exists a vector field　χ ＝

X 十万` 瀋 ∈M （3））such that LχT is expressed as

(3.3)

八　　　　 へ

回

て 言 ト ∩

We know that £(Af ¨)  is generated by

i?i  ＝ χ2∂3 χ3∂2 I   ?2   ― χz∂1 － Xx∂3 ，-f?3  ― X]∂2 χ2∂l

L,  ＝ ズ痛 十 蜀∂，（1  < プ<3 ）

∂!
■
   （1    < プ<4 ）

£Q ＝ χ＼∂1 十 χ2∂2 十 χ3∂3 十 χi∂4  .

Denoting

0
　
0
　
0

－

＝j

we have

0
　
0
　
1

O
　
1
　
0

0
　
0
　
1

（8 ）
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Proposition　3.2.       R,; Lj and∂'i are expressed as

Ri =  Rj - Aj　　（1<.

乙 ＝乙 －Mj　 （1 < プ<3 ）　　　　　　　　　　　/

必＝∂j　　　　　（1 <.

£o ― £0 ・

Theorem 1.2 says that if F is a solution to the Maxwell equations, then XF is

also a solution to the equations. Finally we compute the commutator of the

Ma χwell operator and these vector fields.

(O

(ii)

(iii)

(iv)

Theorem　3.3

[£, 鳥]

Set £ ＝∂z十a'curl.   Then  it _

=0 ， divi?;一Rjdiv  ＝0

[L,Li]=  lAjL 十らRdiv,　div 乙 一Ljdiv ＝e,-・£

[L,   副 ＝0    ，　div乱－∂i;div ＝0

[.L、U] ＝£,　div £o一£ndiv =  div

ふ
where  e, ＝'(0,    , 1, 0).

Proof.　The Ma χwell operator is expressed as

∂,十icurl  ＝ ∂, 十f ΣA, ∂j

;■='

One can easily check the relations by direct computation using

レi2,ノs]＝A^ ， レU,ノ,] ＝^2 ， し4,, ^2]=  A,.

Added  in proof.　By the proof of Lemma  2. 1, we can see that飢A)belongs to

the conformal complex  rotation group CS0(3,  C) ＝ 脚 ∈ 訂(3, C) い'BB ＝λI

(λ＞O) ，det B＞0].    Since　CS0(3,C)is generated by  {B(A) ＼A ＝U(ヨヨ)μ≡

Gi，A ＝μe) ∈≡Gi，A  ＝λ/eGj, we find  that the correspondence　A →B(A)

gives an isomorphism  between CS0^(2>, 1)and  CS0(3,  C).

J
1
1
1
3

1
2
3
4
5

E
E
E
E
E
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