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A REMAINDER ESTIMATE FOR THE
ASYMPTOTIC LAW FOR THE DISTRIBUTION
OF EIGENVALUES OF THE LAPLACIAN IN

A POLYGONAL DOMAIN
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§0.　Let  D  be a bounded domain in  R ＼.We consider the asymptotic

distribution of eigenvalues of the Laplacian with the Dirichlet con

dition ・

(0.1)　　　　
犬

げ ヤ ゴ ニ.

Let 固n＼、denote the set of the eigenvalues and Ⅳ(v) denote the

number of eigenvalues satisfying i／瓦 べノ.1911, H. Weyl proved

N( ○＝
言

ν2十O(の　as  μ→○く)
タ

where　D)denotes the area　of D.  Later Weyl and　then R. Courant

obtained a better remainder estimate O (vlogふ　A proof is found in

Courant-Hilbert[3] ・

In this note we shall show that we can replace the remainder esti

mate with 0(u),  if D)is a polygonal domain.　This fact was firstly

proved by P.B. Bailey and F.H. Browne  11 in [ 1].　They employed the

Green function of the heat equation and obtained the asymptotic trace

formula

7 = 1　
＝
ご

－j
万
万
ら

十β十0(e       ) as z→9

Then together with Ganelius' Tauberian theorem, they obtained the

result. In this paper we shall make use of the Green function of the

wave equation instead and obtain the result merely by computing

the Fourier transform of the trace of the Green function. In section

1, we shall give　an asymptotic　representation of Ⅳf ）using the

（1  ）
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Green function of  the wave equation. In ， section 2, we shall give a

representation of the Green function for small time by  patching up

the Green functions of sectors.   Then　in section　3 and　4 we shall

obtain the estimate.　　　 レ　　　　　　　　　　　　　　　　‥‥‥‥

We should note that  R.Seeley and T.L.  Pham  obtained,  in 1978,

the remainder estimate 0(v) for the domain with sufficiently smooth

boundary and finally V. Ivrii proved the following asymptotic formula,

which　is known　as　the　Weyl　conjecture,    for the　Laplacian　in　a

Riemannian manifold with a smooth boundary under some reasonable

additional conditions. In our case the formula reads

iV（v)  ＝ 言 ν2－LyyLp 十θ（V  ) as Z→oく）

As for irregular domains, p.  Berard,  in［2  ], proved the Weyl

conjecture for the domains which can be considered the fundamental

regions of aiBne Weyl groups.

l would like to express my hearty thanks to professor K. Ibuki

of Kobe University of Commerce who made comperhensive expositions

of classical　methods of 。the construction of Green 、functions of the

wave equation.   I owe entrely to him all the knowledge of these matters.

§1.　In this section we shall give i representation of Ⅳ ㈲by  means

of the following solution of the wave equation. We just follow the

argument of Berard ［2 ］。

( ぷ一一J)e(x,と,t)＝0　x, ξ∈刀μ^R

e(、xふQ) ＝8(x－り　　　xλeD
(1.1)

^e(x,^,O)=0

e(xλ,t)＝O

xλ，gD

μ Ξ∂D ，と^D ，れ≡瓦

Let　l 9 l　be　an orthonormal　system of the eignfunctions of the

Laplacian. Then e(x,^,t)is expressed as

e(x 訪,t) ＝　Σcos 内d (）i(ズ)卯(抑,ニ
y=i

where　 μJ　＝　ジ莉‾　and　the　infinite　sum　converges　in　appropriate

(2)
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distribuiton spaces.  e（x,  ξ, t）is considered to be a distribution in Z

for every （x,^ ）. Then　　　　　　　　　　　　　　　　　　　　　　　　　　　 二

(1.2) ＜e(x, ξ,t), cb(t)＞ ＝ Σ 卿(x)勁(抑
芦l

・
二

∫
φ(t) COSμノdt

converges　in　the　usual　sence　and　both　sides　are　understood to be

smooth functions in    （x,^ ）.Here  ＜e（xふt ）, φ（0 ＞denotes that g

（x 訣μ）is considered to be a distribution t.  We inserts: ＝ 右and by

integrating both sidesof  ・（1.2) x, we have

Proposition l 。1.

(1.3)　 ∫。＜e(x,x,t),φ(t)＞dx  ＝荊T φ(t)COS μjt dt.

Hereafter, the neχt auxiliary function will be frequently used.

Lemma 1.2.　There exists a  smooth, )ositive and  even  function

ρ(μ)such  that p(t)  (the Fourier transform  of p)is positive, even,

p(O)＝l, supp  p⊂[ －T ，T」and decreasing  in ?＞0.

Proof. We choose a smooth function ぐ(t) which is positive,

evenjc °ζ(Z)2ぶ ＝1,supp こ⊂[ ¬1/2,1/2:.  We set Pl(t)

＝
打

ぐ(Z－s)こ(s) 心　　　　　　　　十　　　
エ　

＜

Then  p(t) ＝ ρi(T-H)has the desired properties.

We insert 小(Z)＝lムどり( むin(1,3).When we set

P(lJ) ＝ 去
χj,

＜e(x ，x,t)，e-″り(t) ＞dx

we obtain

Proposition 1.3.　　　　　　　

上

(1
°4)

？(μ)=  -i ル[ ρ(μ十μi)十ρ(μ
‾μl)]゙

Proof.    P  (μ)=  ヌミ去
χこ ♂

“p(t)cos
脚t dt

゜TJ ミJχjWNT
。[

が(叶″j)十／(″‾匈)]p(t)dt.

（3  ）
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Then we have the proposition.    In addition,  we can see easily that

？（か）is an even function in μ.

On the other hand. Ⅳ ㈲is represented as

Ⅳ㈲=  SI

ぷヨ，J-／ μ‾p.))dp.

-

-

When we set

瓦 ㈲ ＝

瓦 ㈲ ＝

i?3(μ)＝

Proposition 1.4.

(1.5)

上 司F °ρ(μ十μd 十ρ(μ－μdd μ．

引
刻

剽

－V

p(/J.一脚) ㈲
-oo

郊

V

μ
ρ(μ － μ}) ㈲,-we have

-V

iV(v)    ＝
χ　P(

μ)㈲ 十Σ 瓦( ○
-V　　　　　　　j=l

Next we shall show that each 瓦(v) behaves like 0(p) as V→oc .

Lemma 1.5.    When  戸tends to  oく), we  find

(1.6)t (μ丿　） －μパ ベ則 べC(a)P( μ), where C( α)is  a positive

constant depending  only on a.

Proof. Since P( μ)>
ユ

Σ ρ(μ－岫
2 か^

）
士

×
“{

μjl    1μ－μ:)≪a]  xinf{ ρ(μ)|| μ＼≪a),

we find # 屠|　|μ一脚| ≪ 副 （W り
μ)

ト

μJ（ 引
戸(μ).

Proposition 1.6. //  we  assume that P  （μ）＝O（μ）holds as びtends  to

（〉>o，then  we  have

（1）瓦（○ ＝0 （.-″）（N ＞0）,   （2）几 ㈲ ＝o ㈲ ，（3）瓦（○ ＝0 ㈲

as  ソtends  to・・，

（4 ）
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Proof.    (1) －如) ＝ 忍 よV  
―
 ftj

≪ Ⅳ ㈲J

―o

と
μ)da.

47

Since  A/'(v)＝○(の ，ρ(μ)＝○(μ-゚ ゜),   we　fiind　？Ju) ＝ ○(^2-″)for

every N as ン→oo.

(2).R,  (v) ゜2  ^
 J二

。jp(
μ)jμ

＝ Σ　 Σ　　　
∫　　p(

μ)dli.
ん=0 んφ~μjく(ゐ＋l)'－μl

≪
ぎ{

μJ円V －μj－ん＼≪1}
ン(

μ)dμ、

By Proposition 1.5, we find

瓦 ㈲ ≪C Σ ？(^>－ん)
χ

ρ(μ)dμ、
ん=0　　　　　　　ル

Since we assumed P （μ）<  U  ｜μl we have

刄2(″)＜C
§Jo(

″十ゐ)
＼:
ρ(μ)㈲

≪ 吝  /Iこi
リ?F

≪　G　as. ″―゙ c o.

(3) 瓦 ㈲ ゜ ぶ
よ

( 糾 p(μ)㈲

-

- Σ　　　 Σ

ゐ=o  -（ゐ＋i）くv －μjベーん

As above we have

－k

－∞

p(μ) ㈲ ．

Rz り ≪cSr(lj 十-
ン

≪c 呂oバ9リト ≪Cv
   as　V―゙ C　o

By the arguments above, we obtain

(  5  ）
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Theorem 1.7.　// we  assume  that  P （μ） ＝O （μ）holds as  μtends

to  o ），then  we  find　　　　　　　　 丿　 ’ ユ

(1.7) N  (v)  ＝'^[ヶ ら) 午 ＋O  (v)

holds g tends to CXD  、　　　　　　　　　　　　　　　　　 ……　……… …

§2.　We say that a domain<D)in  渥^ is a polygonal domain, when

Dis bounded and ∂D)consistis of a finite number of segments.    In this

section we shall giue a representaion of ^  e (x心, t)for small Z in such

a domain.　　　　　　　　　　 ‥　　　”

Let j? be a rectangle containing  D.  Let  ＼ aa ＼ be a collection of

mesh points in R and μ恥し} be a partition of unity in j? such that supp

弘 ⊂ 召(心 ，h)＝ぱ∈五^川x  －αい ≪S  1 holds for each a  where a does not

depend of  a. Since the wave equation has the fiinte propagation speed,

we can see that 恥(x)  e (x, ξμ) ＝Q  holds for は-a ≪,「 ンT, ＋h and l り

≪T.     Furthermore,  when we choose beforehand sufficiently small 8

and  T,  we may assume  β(α。，T  ＋S)does not contain more than two

corners of D.

Consequently for  X e  supp  恥，ξ∈ 召(心，T  ＋S)and Z ≪ 了; 恥(X)

e(x訪,t)can be identified with the solution of  (1.1)in a sector or the

free space. More precisely,  let 可/αbe  the angle of the corner contained

in  B(ac,,T 十S)(we set a  ＝1/2,  if 召(a ≪，T｀＋8)is contained in

the interior of D)and フ:)。＝|(rcos  6げsin の ∈£2|oくrく(×)and O く∂く

π/副，then we obtain　　　　　　　　　　　　。

Theorem 2.1.　Let  ec,(x訣μ)be  the solution of  (1.1)in  I:)＝i) 。，

then  e(x 訪,t)is  represeted  as　　　　　　　　　 レ　　　　　　 。

(2.1)e(x ふt) ＝ Σ 恥( ズ)ら んX 十配，A 訪 十 配,t)for l n 尽T  for

sufficiently small T, where A 。is a rotation and & 。is a translation

in  R 町

In order to get the e χplicit form of ら( χ，乱t),  we shall review

the construction of the Green function in a sector following Friedlan-

der[41,  Ibuki[5]and[e:.　　　　　　　　　 。。

Let g (x,t)be the solution of the following problem

（6   )
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j心
匠
ｙ u(x,t)=O　x^ 几,  t ＞0

u(x,O) ＝O　x^D 。

ヰu( エ,O)＝^(x) ズ^D 。

ね(x,t)＝O　ぷ∈∂£。t ン0,
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then g (x, t)is represented by the Green function £。(x心,t)as

“(μ) 天
ふ)

。
£バX, ξ, t)cp (x)dx.

We can see easily that 瓦(x 訪, t)is an odd fuction in Z and that

(2.3) ら（x
’
ξμ ）=  （ §

¨
）£ （x 心 μ ）

We set (p{x)＝cp(r,e)＝ Σ<Pn(r)sin αnO.

We seek the solution u(x,t)in the form

u(x, t)＝u(r, e,t)＝Σ ‰(r, t)sin αn6,

g，(y，t)＝∫ン1，(ξ)sinU J 。(ξΓ) 翁,　　　　　　　 ニ

お なごs とntこr 二 言ljj な ツn of order X.  By virtue of

A バξ)＝
χ~

佩(『』J ．(ξΓ)dr　and then

(2.4)    “
゛(Γ

μ)
゜^^ sin 

μ ム
”(

シ
バT ム

”
ぼ め 卿(s)SdSd を

where  ム（2:）is the Bessel function of order X. By virtue of Fourier

Bessel inversion formula. we find

Furthermore

“ ”(r，t) ゜ ‾1兜
∫:7

”゙  Jo 聯) 卿(s)   S ds dミ

゜－1 沈NT わ(s)
バンy

‾゙(゙‾″)リ ム( 狸)Ja 人ミs)心ds.

le other hand, since we know the following formula  (see Watson[l

XT g- ≪ 
ム( 沙) ム( 川 面 ゛

石
ノ
霞Q

づ2(

ぐ2七rs 二'-)

On the other hand, since we know the following formula  （see Watson［8 ］）

（2.5 ） にe- ≪ ム （沙）ム 川 面 ＝ 匹Q　　G2 ゴ4です'い

（7  ）
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where Qk （z ）is the Legendre function of the second kind, we have

the following theorem after some careful limit process.

Theorem 2.2 （see Friedlander ［4 ］and Ibuki ［5 ］）. Let

(2.6　瓦n  (r,s,t)=

0　　　　，　　　0 <  i （　＼r－s ＼

言7 ）。-1z2(‾些とだ 十o2) 一si べt （r 十s

COS器 ダ ニ2rs
つ

バ ダr  ＋s

then 臨（f,t）is represented as

（2.6）　Un （r,t）＝

Since

∫で
瓦( ちS,t)9( 抑 冶

μ(r,e,t)＝　
≪=iJo

バr, s, t}わ(s)ds  sin an∂

゜
ヤjj1NTEブ瓦(r,s,t)sin

 and sin an')<p(s,a))sdc)ds,

we find

(2.7)E べx ，^,t)＝E^(r ，s,e，。,)＝ 融
£Kn(r,s,t)sin

 anθsin  an ω.   Here the

infinite sum converges in appropriate distribution space. へWe   shall

show　another　representation　of     (2.7)following　Friedlander    []

and Ibuki [61.　　　　　　　　　　　　　　　　 。・

Proposition 2.3.    Let

E(r,s' θ,t)-
   27r／t^－r^ －s^ ＋2rs  ＆ 節　　　　　　 ｀

then for ＼r一刻 くt  （r 十s  we  have

(2.8)E 。(r,s,e,ω,t)

＝　　Σ　　E  (r,S,e－ω＋2Ttk/α,t)－　　 Σ　　E(r,s,e 十ω＋2Ttk/ α,t),
＼θ－ω＋2幼/α｜＜λ

where　　COS   X    ＝
－t^  ＋ タ  ̂＋s'^

2rs

＼θ十ω＋2 幼/ α| く 入

Outline of the proof. We know that 八（cosのhas the representation

（8 ）
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八（c・,の＝ブ 臼 畿 位 シ（ （Oくや ）

(see for example Courant-Hilbert[3]).Then we find

E。(r,s,d,ω,t)＝キjレ ‰ にin  anO。守 畿 。∃ ⌒ 心

51

where cos λ＝ ‾Z2皆 十s^ .

Since sin  and  sin  ana ・COS an μ

ニ
士[COS

 an(θ―Q）十μ)十COS  an(θ‾c)‾μ) ― COS  an(θ十CO十μ) ― COS  an  (6十

ω－μ)]

゛d る・如) ゛ 呂 九(トiTtk 八卜 ・A
‾
十

呂
丿)S　and  hold,   then we find

£。(r,s,0,(o,t)

1[B(6-o)  +聯 。/思ド ミ
ミシト ；

‾VC
畿畿 惑]

which proves the proposition.

In a similar mannar we have

Proposition 2.4.    Let E  (r,s,9,t,v)

α　　　　1　　　　　　　1　　 ・・・　　　sinh  av

47r2[cosh 回 －COS  a (π十の
十COSh

吻－C0Sα(7r －の 迦 ぷcosh.・－t'十̂戸‾芋？て

Then for t ＞r 十s. we have

（2.9 ） £ 。（r,s,e,< ）,t）= [E(r,s,e 一ω,t,v)－E(r,s,6十(o,t,v)]加

where cosh g ノ^‾r^‾s^
2rs　　　゙

Out  line of  the proof. As before we know that

Q 。-U2 （cosh u）＝ ☆
χ:1

／COSh
白讐COSh

ぶ飢

Since　
上

十
舅g

‾“゛cosa 箆9 ＝
2　?l  =l

inh  av

2 (cosh  ay  ―cos  αcp
holds,

we can make use of the similar arguments as before and then have

（9 ・）
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the proposition.

We can deform    （2.9）to the form which is suitable for our

applications.

Proposition 2.5. Let E（r,s,e,t）be the same as before and

D（r,s,0,t,v)

＿　　α　　　sin α(n十9)　　　　　sinα(jr －の　　．__1
石^[cosh  av －COS(;r十θ)十cosh  at; －cos(π－6')]Jfi'－r'－̂s^－lrs coshy .

Then for t く r 十s we have

(2.10)     E,{r,s,O い,t) ＝ Σ　　E(r,s,0 －oi ＋2k/ α,t)

|θ-ω＋2iry6/a|くπ

－ Σ　E(r,s,0 十oi ＋2nk/ α,t)

|θ十ω＋27:k/a＼くπ

十
ヤ(y,S

，0－ωμ,z・)一D(r,s,0 十ft), t, v)dv

Outline of the proof・ We consider the integral

み゜嘉j み

along the path

召av
-
－ 万 谷OSh

壮COSh g 心

（Fig ）

（10 ）
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Since

|'P-V27:k/a＼く
，
に

ホ
ん/α）　

ジド レ
／coshj 十cosh  u,

we obtain （2.10）as i?→oo  （see Friedlander ［4 ］for the details）.

Putting together Proposition 2.3,  2.4 and 2.5, we obtain

Theorem 2.6 （Friedlander ［4 ］and Ibuki ［6 ］）. Let

£( ，̂，̂μ̂) ゜2lπソF-
タ・X cos θ

゛2タ2j D(r's,e,t,v)

α

53

-

-

in a( π十θ)　　　　・ sin α(π－e)　　　　　　　　　1

ay ーCOS　(x(n＋e)
十cosh

 ay－cos  α(7:－0)]■／t づ̂^ －s^－2rs cosh  V.

Then  E 。(r,s,O,a>,t)is represented as the  following.

(2よ1)E 衣r,s,co,t)三Σ　　H(t ＞ ＼r一s＼)E(r,S,0- ω＋2nk/α,t)
iθ-ω＋2遥/副＜λ

－Σ　　H(t ＞|r －s＼)E(r,s，0十ω＋2Kk か,t)
|0十ω＋2!rA/a|＜入

十H  aくr 十s)E(j)( ちS丿 －ω,り ノ)－1)[r,s，d十CO, t, V)]加

where H(t)  is the Heaviside  function  and COS λ＝回心('Z2 言 十s2，－1)

cosh g ＝
n －y2 －s2

2rs　 ヽ

§ 3.　In the first place, we compute ＜ら(恥恥t)仰(t)＞.By  (2.3), we find

(3.1) ＜ら(x ，ht),φ(t)＞

=-

(<p'(t)
‾φ'(-t))

瓦(x,i,t)dt for φeC- リ) ．

As  φ'(t)-φ(－t)＝O(t),th& integral above makes sense in the ordinary

way. Inserting (2.11)into (3.1)and exchanging the integral and the

summation,

we find

＜ら(エ,ぐ,t)，φ(t)＞ ＝　，

（n ）
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乱 一
三d41

く-( 。s(0一一＋2Kk/め
ソf2 －y2-

ジデ2;s

 COS {d-oi  ＋2nk/ α)

十
19十

三Kk/
，＼く-( ・。(0

 ＋心2;rA/・)
ソf^ －V"  ̂－S^

シ

 2

ムヨ'i-t)

Sin α(7r十り

αV ーCOS  a

-

π十e －a))

sm  αけ 十

αv ーCOS  a

sin  α(rc －d 十0))

at; －COS  α(n  －d  ＋co)

π＋ ＋ω

sin  叫 π一一

αv ーCOS  a ■K ― ―  CO

J<2。2+,2+2．s cosh 。/t^

苫 肖 云

― 2rs cosh V 
ぶ]dv.

Then setting x ＝ξ, we obtain

(3.2) ＜ら(x,x,t),<p(t) ＞

エ『
Oく

忌
副く砲

大 仁

「

乱

心/9
ソ

声_

 4}2 sin

ドxk/

α

十0
＜|e + ・/a|く・/2

去J2rlsin(

£l +哺/a)】1／Z2?4j

ジS)⊇ 居

ん/α)
冶

一
剔T[{

。。
よ 恍 言 禦

尚}
＋。。sh

言
＝
 cos a (k

‰)- ⊇ 禁 誤 謡

し 言 説 爪 隔 宗 示岬]dv.

Furthermore inserting φ（Z）＝去 がり（Z）into （3.2,）wehave

Theorem 3.1. For r ＞0  and  0くθくπ/a，we  find

(3.3)^ ＜ら(X,  X, t), がり(t) ＞

゜iふ
に 区り

‾
ヂl

‾
謎dt

十
みo

く
Ξ

＜，

  r 乱p(t)  sin と ̂/

α
ぶ

『

（12  ）
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しh 言＝窯 言 ‰) ≒。sh言 言 几 。-。。諮 九⊇ 謡

仁。pit)  s皆
＼v/2]dv

‾
み ヨ

＜，/

  ふp'(t)COStf^ 
ぶ

十みoJ441

＜，/2

し こ(a

＋4/
，)6祐2-4

デj キミ回丿回

ゐ/μ)dt

一剔 几。こ こに ‰ が
Sin αμ －^ び

αv －COS  α(n  －

55

一謡 大 言

Lこh
。/2
立 彦]加

Next we shall show several calculus lemmas which will be used

later.

Lemma 3.2.　Let  戸G  C °^(R), then we  find

(3.4)
χン(t)

少 冶 ＝○(古)for μ＞1.

Proof.   By integration by parts, we get the estimate above.

Lemma 3.3.　Let  p^C'^(勁and  satisfy p(t)≫0  and  p'{t)≫<dfortく0,

then we  find

(35)E トダ二回ら ぶ＝O(Å) for O くαく1 and  μ＞1.

Proof. We change the variables by setting t＝α十平，then we find

詐 言itfl 三 際 聯 府

＝"(と5で去ds) 十〇
1　　∽p  (a十S/μ)がSU
耶E1 ソ耶 斥可 万 心)

Since p(a十s/a)/s(2十s/μ)is decreasing in s, we find by the second

mean value theorem

際導dt＝o (-X^)+ o (言VA 辞 ‰y 獣

-

- 0（∠し ）
ソ印

（13 ）
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Then we obtain the lemma.

Lemma 3.4.

(3.6) ∫T
(COShαZ・-

ぷぢ)1/
蔵聶円dv  =

 0(1)

holds uniformly  in β(0≪β≪V2).

Proof. We divide the integral into two parts as the following.

∫Tづ でづ ン ，i
心

(3.7)     I       I≪X
ミ(COSh

回 －

ム
ソ薇聶刀

加

くTヤ
エルバン

→・/・)りZ・≪c,

(3.8)言|< に よ 詐 言 万dv　　　　　　　　　　∧

≪NでIs ツダしCOSβ)加

よ几 ⑤ 譜 器
尚

元 べ 悩 言 言i 首 ぺ

we obtain the lemma.

Now we carry out step by step the estimates of the each term in  (3.3).

Proposition 3.5.

(3.9) ルN フ(りyill Zμdt ＝ぶF十〇(1)

holds uniformly in μ＞0

Proof.　By Lemma 3. 2. we find

剥 ブif)sin tfj. ■,._絹 宍 戸 外 絹 フ ー叫), ゆ^f

十 ＝剔r 宇dt  ＋0(1)

Proposition 3.6.   For r＞0 and Oくθく㈲a, we  have

（14  ）
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(310) ふ{LI
二kla

＼ 力

回} ミに融dt-

゜O(/
ず
日sin(J 十Kk/a戸).　　　

＼

57

J 27-1 si

二じd/Ol

ソZ2-jj

万万QyFd/

α)
ぷ]

Proof.    By Lemma 3.3,  we can see

(3'11)L
I

二

。11／5

讐首だ;;29ぶ
゜?(1/ μ

Γ 11sin祠)

・ Then the statement follows from the estimate above.

Proposition 3.7

≪-i≫対 比 。謡 言 言 仏 心 。言 言 諸 兄)- 。。j証 幾,ぶ

L 二h/2
ソがざSj?

タたま
り/2ぶ]面

j
フ
ｙ

ソ
O holds uniformly  in 6.

Proof. By Lemma 3.3, we  find

11j5NTXJ 

cosh≪/2

壮 古 讐 ⑤
ニタ≪ヅ 出

dtdv

＋
sin a(7t－20) 2 sin απ

cosh  ay－cos  α（双－2d)     cosh  ay－cos  an

T/cosh 万
・

The we obtain （3.12）by Lemma 3.4.

Proposition 3.8.

(3.13)ふXl27しp'{t)  COびTtk/が]2r
＼

二(e

＋4/
，)|ソZ2

畿器i回d
 + nkか)

ぶ

＝0（1）　and

(oヅ)翁 言   首(;r禦+
 20)

＋c。sh首 記 ⑤9)- 。ぷ こ ］

しこh
。/2
よ でと器回乃

回心]加
＝O  （1）holds  uniformly  in μ、r and e.

（15 ）
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Proof.  Since  p＼t)is an odd function, ＼p'(t)＼≪a holds  for 0≪j ≪T.

Furthermore
χJ

マ
ノ
ニ？ 加＝ 、/?戸二ぶ＝0（l）holds uniformly in small a.

Then we can easily get the proposition.

With the aid of the preceeding propositions. we can show the main

result of this section.

Theorem 3.9.

(3.15) ？(μ)＝
言

μ十 〇U 袖　holds  as μ→oo ，where  ID  I denotes

the area  of  the domain  D.

Proof.  By definition, we have　　　　　　　　　　　　　　　　　　　　　，

P  (μ)゜^ ＼j＜゛(゙ '゙μ,  e'印(t)＞dx　　 ＼

Zn
 a Sd

十配' ん 十゙配バ)' がり(t)＞ 畔

Combining Proposition 3.5,3.6,3.7 and 3.8, we  find

即) 付 剣 言 ’)“J( み剽土 谷 畿 糸 昌 苧川 ソrdμ加)

＝學 μ十〇(√μ)asμ→・・.

In this way we obtain the theorem.

§4.　We　proved that p( μ)≪C μholds as    μ→oo　in the previous

section.

We observe that the condition of Theorem 1.7  is satisfied. Then what

we have to do is to get the asymptotic behavior of the first term of

(1.7).

We must prepare a few more calculus lemmas.

Lemma 4.1.　Let P^C で(?)，then we  have

(4.1)

ｙ
　
O

∫

士 拶 言 浙‘″㈲ ＝O( ふ)

（16)
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If  ρ（t）― ○（t ）̂holds  in  addition,  the  right  hand side of  （4.1）can

be replaced  with  O ㈲which  is uniform  in  a  and r.　　　 … … …

Proof.  Exchanging the the order of integrations in  （4.1）, we find

χに
ぶd ・μ゜

∫二;=(t)  
事

 r- 
μ

 . tu
 dμdt

゜ ‾: ソ
し

戸
（'"^ t゙  

‾
よsi11

陶 虜
゛

Since COS tv 
‾

λsill tv 
° 0（1）holds uniformly in Z and I*, we  find

(4.1) E 追 酒= 謁 呂dt μ̂＝o(心 万 豊 元洋) ＝Q(ぶ=)

When we 、assume o(0)＝・0(t^), we find in a similar manner as above

"・"1 ンX
ニ ぶん?

  ^
タれat

 ㈲=  O  (v＼ ■戸ar) =  ○(宍

Then we obtain the lemma.

Lemma 4.2.　Let φ(r,θ)&C て[0,oc ]×[0,π/2])and  ミ0  in a neighbor-

hood　of  ■n:/2.   Let peC で(R)and  satisfy p (t)＝l十〇(n)for smal 八 ，

Then  we  have for リ）＼ and O ≪r≪^0　　　　　　　　　　　　　 ト

(4川 州 几 プ( 回 謁 非dt  do dp. ＝ベ シ)

Proof-  We divide the inner integral as the following.

∫ニ。 ゛づ:
－1Z

／ 説==
 dt

づ 祐,   sin t[謡

＋^　　(l-p(t))sin tu
十r ／f － 4r2 ==り直

づ⊇0 岫 ン］ 尹 づ よ言l-p{t))s
。
詰 町

十叫
古)

Since an integral　representation of the Hankel function of the first

kind says

∫°°  sin tz
プぷ ＝フ

ベT ↓農 びt
＝Im( ヤHl(z))= シ,(z)

where /o（2）is the Bessel function of order 0, then we find that

（17 ）
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χぐ 仁
。
ぶ ぬ ‰ 訟 ぢ ゛ ゐ・=剖 ツ(y 満 ハ(岫sin^) ゛

。 ・・　　 レ

゜
封 謡 雲2 七,

琳μ) 心　 ニ

1    ∫ツ 高/o  (z)dz

Here we may take φ(り) ＝  2-
  cos

夕-(s 二sin
 θ)to be be a smooth

function of r and s, The Bessel function /o(2)is an analytic function

and has  the asymptotic behavior　　　　　　　，

(4.6) T (2)゜ /耳cos(;-7r/4) 十〇(2-3勺　as z →oo

Inserting  （4.6）into  （4.5）and thenby by integration by parts, we  find

(4.7)　 円 こ 丿 ツ言 言 シt  心　　　　　 …
…

＝尚 ∫ン ム(z)dz 十 尚 ソ石 ン ・COS (Z - n/i)心 ＋   (がA

＝O(ふfoo 爪)sin    (2ヂ/4) 心) ＋0( ぶ で(爪) 討(r, 尚)sin(2  ―7r/4)

dz) 十0( ふ) ＼　　 ＼

＝0（古 ）　　　　　　　　　
犬　　 一

Multiplying   （4.7）by  a  and then integrating from O to ノ，we obtain

（4.8）日 几 こ言 言 器dt dd  dμ＝叫 ）

Next we carry out the estimate of the second term of (4.3). Since

＼－p(t)＝0m ，multiplying the term by μand integrating from O to

V,we find by　　　　　　　　　　　　　　　　　　　　　　　∧

Lemma 4.1 that

(4.9) ∫］ こ謡 譜 尚 詰dt du  ＝0(v）

Then multiplying （4.9）by 9 and integrating from 0. to  π/I in θ,  we

（18 ）
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±2 に ⊇ ≠ 言丿診dtdddu
 ＝

㈲）
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111jごl: ふ ごe? に;2L17 ぎUud 4.2,

 we carry out the estimate of

^ ぷ) ゜h
χ

ノ バ゛)＜らA 衣 十配ノ μ 十配,t)
μ)よ り(t) ＞ 加 路

By Proposition 3.8,　　　　
■　　　■　　　　　　　　　　　　　■　　　　　　　■

♂“(゙ )ヤ'1‾ふ,石/4Zj) ∫ンE5ム
ニよ

ニ　　　　 寸 対 応 店卸dd  dr dfi

‾
ふぐF∫ン57 づ7‰(Oく ＼θ十nk/a＼く遥/2)Llj:(O4Z

。)1

犬　　　　 …… 評 白鍔 縦?譜;jク
。)dt de dr dμ

＋
剔 州 壮a  ("ooしh. 禦

― cosa(7: + 2がc 。sh

言 言 ‰)

c。j恋 恋JL
十〇M ・

By Lemma 4.1 we find

(4.11)

(4.12)

μ
　
0

∫

μ
　
0

∫

で
。。言

L 乱p{t)sintij. 
゜ lsij 遥/α|)

j2rcosh≪/2ソ
バ- 容2ヅ;と諮

可2  
冶 ㈲ ゜^  V  cosh

 z・/2)'

Similarly by Lemma 4.2 we find, dividing the range of the integral

if necessary

(4.13)
0
μ

0    }2r

ニレ.k/
元
万にベダ

 s

ぴ ル

 +TV k/a) 
ぷ^ ∂㈲-  ^(;)

Then combining （4.11）, （4.12）and  （4.13）, we obtain

Proposition 4.3.

∫二 戸(μ)㈲= 上ま
ユ
゛^十0(v)  holds  asv →・o

（19  ）
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Proof.  By  （4.11）, （4.12）and  （4.13）, we  find

亀㈲ ゜公 ♂( ゛)^゙ 十〇㈲゜　 ＼　　　　　　ニ

Since ？ ㈲is an even function, we have

χ二P(μa 者
゛2十〇㈲.

Then we obtain the proposition.

By Proposition 4.3 together with Theorem 1.7, we obtain

ノ ご岩 穴 な) 二 二 ご ご 才 六 二 功 尚

Ⅳ ㈲ ＝m,.2 十 〇(v)as V →(×)
4π
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