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THE BROUWER FIXED POINT THEOREM

AND RELATED THEOREMS ＊

Shigeaki  Watanabe
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In this paper it will be shown that the Brouwer  fixed point theorem

has many variant forms.    The Brouwer  fiχed point theorem is equivalent

to other related theorems;　Sperner's lemma,    the　Knaster －Kufatowski-

Mazurkiewicz theorem    (K.    K.    M.    theorem),    No Retraction theorem,

Variational　Inequalities,    Nonlinear　Complementarity Problem, and　the

existence theorem of Walrasian equilibrium.      To investigate such a

relation　will serve to study the internal structure of many problems　in

economics and Operations Research and to solve these probleins. 尚

J　　J　　　　　　　　　　1.

We use the following notation.

N ＝{0,  1,ヅ.‥,n]　:  the set of integers

R" : the n-dimensional Euclidean space

犬　．・
尺l :， the nonnegative orthant in . λ・

ご　・f＝ 似 ，a ＼・，・，・a"}:a set of points 拍 尺”，

レ] ＝[a",  a ，‥.a"]:the closed simplex spanned by ぶ

[s]i
 
＝[α , ‥.  ，ぷ ‾ ，α‘  ゙, ‥. ，a]:　the ・face opposite to the verte χa'

(5) ＝( α≫，a,・‥ ，が):the open simple χ spanned by  s

Let's consider the first group of theorems.　　　　　　　　　　. ・　　　　　／

(I)[Sperner's  lemma](Todd(1C)])

Let  K  be a triangulation of [s']   with each verte χ of K  labelled with

an integer in N such that no vertex in[ 吐is labelled i.    (Such a

labelling　is　called　admissible or proper.)Then there is a simplex in
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K  whose vertices carry all the labels in N.   (Such a simple χ is called a

completely labelled simplex.)　　　　　　　　　　　　　　　　　＼

(II)[K. K. M. theorem](Kuratowski[6])

If A,, (泡N), are closed sets such  that each face [Z]＝[a ＼ぷ＼‥. ぷ゛]，

(ゐ≦n), of the simplex [j]satisfies

[Z](A,,  w ‥, ＼ノAi,

then  r ＼A溥 φ・

(IF)If  A,, (i^N),  are　closed sets such that

(i)[s] ＝り 人

(ii) 幽r ＼[j]匹φ，(i^N),

then  r^Ai ≒φ・

(II")Let  A.., (ieN),  be closed sets such that

(i)[5] ― KJ Ai

(ii)If 臥 ≒φ)( Ⅳand J ＝N －L,  then n[j],( り 人．
iG£　　　　yej

then   八 人 ≒φ・

(I)[the Brouwer  fiχed point theorem]

If F: レ]- ・[j]is  continuous,  then F has a fi χed point, i. e.，there

is an ぶ＊∈[s]such  that F(ぶ＊)＝x＊.

Remarks.  About the domain and the range of the　Brouwer　fi χed　point

theorem,  we may take the one　different from レ].   In fact, we take the

domain and the　range as　the .unit　ball in the section 2, the compact

convex set in R" in the sectin 3 and the compact convex set in　Rl　in

the section 4, respectively.  These are  all homeomorphic.Therefore,   the

fiχed point property is invariant.

Now,  the following propositions holds.

Proposition.    (I) 〉(H)・

[proof]　Let  K''＝ls]and　K ’be the r-th subdivided　complex from

瓦". For any verte χ c in K’，there is a unique open carrier that contains

c.　Let this simplex be   ≪)＝(ぷ°,‥・，訃).　Then,  by the assumtion

of  (II),

CG  (りC[Z]( 人oリ ‥ ．り 疾,・

For  c, we define the labelling function Z : c ←→N as follows.　/  (c)  may

take any value among    {to,・‥,ら}.　Clealy，this mapping Z is admissible.

(2) ・
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Hen ・ce, there is a completely labelled simplex by ( I ).     Let this simplex

be[c  , ‥.,  c].     We can consider as  l(c') ＝i ・ for some　i,.if necessary
・　　　j

relabelling.　Therefore c りeAi.　Also,  we can assume that μ[K^] →Oby

1),2)　　　　　 ，.　　　　　　　　　 ・.
appropriately subdividing.

Since[j]is compact, we can assume that ♂，‥. ，c゙ ,‥

Let the limit of this sequence be と＊.    Since ^,, (ieN) ，

sets, c＊＝lim c'-'eA。(沌N) ．Thus,

c＊∈/⌒＼A,. //

are　convferge.

I ■1　`
are　the closed

Proposition,・(11)⇒(III).　　　　　.　　　　　　 ・.

[proof]Let x  ＝Σ λ／be a point in [j],  where Σ λ・ ― i,λ,≧0, (teN).

Similarly,   let F(x) ＝Σ λfi.'，where Σ λ;＝i，λ;≧0, (t^N).　Then    ^,＝

匯|ぶ≦λ}satisfy the conditions　of    (11),  since

(  i )they  are　closed,,for the barycen,tric coordinate　λof　ぶ　are

continuous function of X ；

（ii ）If xe ［“'■゚ ,‥.,  洽 ］, then  λ 十 ‥ ．十几 ゛l  and  λ;ナ
リ

．十几 ≦

1. Accordingly, there exists an inde χ ij, （0 ≦j ≦ゐ）such that

λり≦/i,-., and hence ぶeA り
’Thus

［a ＼ ...,cぐ］（ 瓦^w
¨ ゛wA り

According to  （II）,   r＼A,≒6.     Let X ＊∈r ＼A,.　Then    ぶ≦私万GiV ）and
iSW

籾　　　S
1  ＝ Σ λ;≦ Σ λ,＝!.

£= 0　　　i ＝0

£ew

Therefore, K;＝^。(沌iV)，i. e・， F(x＊)=x＊・　//

Proposition.  (Ill)＝〉(II')・

[proof](Kawada[4])Let  A,., (ieN), be closed sets such that satisfy

conditions　of (IF).　Then,   we must show that　r＼A,≒φ.Suppose that

>ejrハA, ＝φ.　Now, for any x∈[ぷ], we  can　define
・・ew

以^)＝4 礼人 バ詑況)
Σρ(ら式)

where  p（x ，A;）is the distance between z and A.-.    （By our assumption,

Σv,（x, 人）＞0.）Thus,

Ｄ

司

For example, the barycentric subdivision.

μis the mesh of a complex K. The  mesh is the maximum length among edges.

（3 ）
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,0≦片(匍 ≦1, (i^N)

μ．　'
Σv,(x) こ:L

i. e・，{り　is the partition of unitiy. For any  μ三(5],   we correspond the

point such that its　barycentric coordinates　with　respect to　k ら ‥・,α”]

is    (vぺぐめ,  .‥, らでaづ).■・̈ By　this　corresponden[:e ，・we　can　define　F :

レ] →[5].　Clearly,  F ・is continuous.　Therefore,    there is at　least　one

fixed point X ＊，i. e・，F(x ＊)＝x*- by   (III).　Then,  x*   is included ih some

■A.., say A,,
 because    {A,}, (i^'N)is the closed covering by condition Ci).

If x＊∈馬 ，then  り 収＊)＝0　by definition.     Hence,  x＊＝F(x ＊ドis included

in the face opposite to the xertex a'   i. e・， £＊巨レ ＼j。This is inc)iisistent

■　　■　　　ゝwith condition    (ii).　Therefore,

r ＼人 ≒6.　 ぶ

Proposition.    (IF) ＝〉(I).

[proof]　Let  K  be a triangulation of [ 月.Consider any simple χ兄[Z]∈

K.     For each vertex c'  of[Z],  we define  B,[,]as the set of points such

that i-th coordinate is greater than 好(?2 ＋l)in[Z] ，i; e・，

｀満ふO °トド ∈[Z]√み≧ふ}

Furthermore,  we.define A ， as

へ　A,=w 耽r, ］ ’　　　　　　　　　　　　　　　 ジ　 ノ

s.　　 プ　　　　・　　　　 ．　` ’．　・　　　　　 ごー　　　　　　　　 プ，

where　 ΣI    runs over all the vertices that have ・label f in 瓦

0

1

―

私

3）We can see the alternative proof of （III）＝〉（I ）in Yoseloft ［12 ］・

（4 ）
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From　its　construction　of　A,,    every verte χ is included in any しone    A,-.

If the-verte χ よis  included  in ＼疾,  then  c  has label 八　Therefore,  if there

is a point in r ＼ 浅 ，the carrier of that point is the completely labelled

●　　　　　　　　　　isN　　　　　　　　　　　　　　　l　　　　I・　　t-　　-・“　　I　　　　I 
・ ，

ぐ・
simple χ.　　　　　　　　　　　　　　　　　　 ・・

●
・・・.・・・・・　・・・　

●・.　　　　　　　　・
・・・・
・　　・1　　≒ －上=

Now,   {爪},  （ieN ）, is clearly the closed  covering  o 卜 ［ 同
上and-each

 A;

does not meet with ［ 吐.　Accordingly,    い よ ，（にN ），satisfy  the  conditions

●
・　　　・　． －　　．　 ・’Q　 ．　　 ・　・．ミ

of (ir ）.　Hence,    there  e χists the point x ＊∈ 八 人.Therefore,    there  is

the completely lablled simplex. 几　　　　　　　　　　 十 ＼　　　　 レ　　
丿 万

In Todd ［10],  we  can see the proof of Propositions （I ）＝〉（II ″） ＝〉

(Ill ）,

After all, it was proved that the first group of propositions (I ）～

(I!I ）are all equivalent.  Simultaneously,  it was also proved  that K.  K.  M.

theorem and its variants   （H' ），（H" ）are equivalent.　　　　　 コ　　　　　　 犬

・　　　　　　　へ　　　　　　　　　　2.

A subset A of a ・space χ is  called a retract  of X,    if there e χists a

continuous map r : X →j such that r]A  ＝l^. （1^ is an identity map in

A. ）And the map r is called a retraction.of χ onto A.     When χ is

an arbitrary space and j a subset of　X,  then j is a retraction   of  X

iff for every space y each continuous 'map  h ：A 犬Y  has i continuous

extention to X.　　　 十　　　　 ∧　　　　　　　　　　　　　　　　　　　　　o ‥

（IV ） ［No Retraction theorem]　　　　　　　　　　　　　　　 ＜　　　　　 十

ぷ-l is not a retract of  B".　　　　　　　　　　　　　　　　　　　　 犬 。

Here,  B"  is an unit ball in R" and ぷ-1 is its sphere. ▽　　　∧　尚

ごLet χ and y be two/spaces and  了=［0,  1］the   closed unit interval.

Then,  two maps K ，瓦:X →Y are said to be homotopic, if there exists

a continuous map    H ：Xxl 一Y with 耳{x,  O ）=h,(x ）and    H(x,  1 ）＝

瓦（x ）for all xe χ.When    ん. and h,    are　homotopic ，it　is　written as

みoご みi.　The map  H  is called a homotopy  from    み ̂to    み-^ and is written

as　H ：h
〇-/,.A continuous　map that is homotopic to some constant

map of　 χ into y is said to be nullhomotopic.   A space χ for which

the identity map ＼χ is nullhomotopic is said to  be　contractible.

A map　 ん: χ→y is called a homotopy equivalence, if there e χist

a g : 7 ―> χ such that g °んごlχ and  h・gごly.If  there 、eχists a homotopy

equivalence 五:X →Y,  X and Fare said  to be the same  homotopy type

（5   ）
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and is written as  X~Y.　A space χ is contractible  iff χ has the same

homotopy type as a = point.     It is　eχpressed that a space is shrunk to a

point.　　　　　　　　　　　　　　　　　　　上　　　・

(IV')[Non-contractibility theorem]

ぷ-l is not contractible.　　j

Proposition.   (Ill)⇔(IV) ⇔(IV').

[proof]By Theorem 2-28 and Theorem 3-6 in Naber [8]or Theorem

5. 1 and Theorem 5. 2 in Nikaido [9].  //

3.

Let's see the relation between the Brouwe 「fi χed point theorem and

Variatinal Inequalities.　　　　　 ニ

（V ）［Ky-Fan inequality ］（Aubin ［1］）

Suppose that K  is a compact convex set of a Banach space and that

9 is a function 尺×K  to R  satisfying

（i ） り ∈罵x ト- リ）（x, めis lower semicontinuous　　　　　　　　　　I

（ii） ぶ゙∈罵y^ 一一づ(p{x, y）is concave,

then there eχists ぶ＊∈尺such that

sup (o（a;＊,y）≦sup  (p（y，y）.
y^K

（V') ［Variational Inequalities］(Kinderlehrer and Stampacchia ［5］）

Let  尺( 尺”he compact convex set and let F : K 犬(R)'  be  continuous.

Then there is an ぶ＊gK  such that

＜F(x ＊), y －x＊＞ ≧O　for all y^ 罵　　　　　　　　　　　
犬

where   (i?)' is the dual space of R"  and  ＜.,.  ＞is the bilinear form.

(V") ヨぶ＊∈尺(R ≒

(F(x ＊), y 一匍 ≧O　for all y^ 罵　　　　　　　　　　　　　　　十

where   (・,.)is the inner　product.

The following propositions 犬hold.　　　　　　　　　　　　　　　　　　　　
上

Proposition.      (III)＝〉(V)・

[proof]By Aubin[1],  p. 203, Theorem 3.　 が　 上

Proposition.     (V)＝〉(V').

[proof]If we put バらy) ＝＜F( め ，^ －y ＞，then this satifies all  the

conditions of (V).　Therefore,  there  eχists x＊∈尺such that,

(  6  )
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＜F(x ＊), x＊-y ＞≦sup  ^(^ ＊，y) し

≦sup  球y，y)

＝0    //

Propositin.     (V) ⇒(V")・

[proof]　The inner　product is the special  case of bilinear form. Hence,

CV″)is the corollary of (V')・　//

Proposition.    (V″)〉(ni)・

[proof]　If we　define　<p(ろy) ＝(p<:－F(^) ，y一司,   then　this satisfies

the　conditions   (V").,   where　F(x)is　assumed the function B"    to B".

Therefore, by   (V")there exists x ＊∈抄such that

{x＊－F(x ＊), y －x＊)≧O　for all y^B".

In particular, if we take y ＝F(x ＊), then

O≦(x＊－F(x ＊)，F(x＊)－X＊)＝－＼＼F(x＊)－x＊＼＼

Hence,  F(x ＊)＝£＊，i. e., there is a fiχed point in 飢　//

4。

In the section 3,    we saw that the existence of the solution for

Variational Inequalities (V")is equivalent to the Brouwer  fiχed　point

theorem   (HI).　In that case,   without loss of generality, we can　restrict

the domain to the compact conve χ set in r;.　In this section, we consider

the problem in such restricted　domain.     Let's　consider the following

three problems.

Variational Inequalities Problem in Rl

find x^ 尺∩ 尺ふsuch that

一

巻

(F(x),  y －x) ≧O　for all y^ 尺∩ 尺;，

where F:Kr ＼R乱→R"  is continuous map.

Nonlinear Complementarity Problem:

find x^ 尺r^Ri such that

(F(x),  X) ＝0,

subject to F(x) ≧0,    where F : R"+ 一R"+ is continuous map.

The Problem of Walrasian equilibrium:

find xG[m]    (the unit simplex; the space of prices)such that

Fix) ≧0

(7)
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subject to (F(x),  x) ＝0   (Walras law),　　　　　 ト

where F : [u] >R"  is continuous map (excess supply function).

The assertion that there e χists a solution for Nonlinear　Complemen-

tarity Problem can be e χpressed as follows.　　. ・.・.・・　　　・.・.　　　・・　　　.・

(VI) ≒ ＊∈尺rsR ‰　　　　　　　　　　　j

F(x ＊)≧O　　　　　　　　　　　　　　　　　ト　　　　　　　　　　　　　　　 犬

(F(x ＊), X＊)≧0.　　　　　　　　　　　　　　　　　　　　　　 ‘

Then,  we  can  ascertain the following  proposition.　 ，

Propos ・ition.　　(VI)＝〉(V ″)・

[proof]Self-evident.　 げ

Ne χt,   the　assertion that　there　e χists　a　solution for the Problem of

Walrasian equilibrium can be e χpressed as follows.

(VII) 弓 ＊∈( 幻 ，

F(x ＊)≧0

(F{x ＊), X＊)＝0

Now,  we can verify the following proposition.

Proposition.      (VII)=^〉(VI).

[proof]　We can consider Nonlinear Complementarity Problem for the

normalized variables. Then   (VI)can be reduced to (VII).     Therefore

(VI)follows from (VII).　//

At last, we  consider the following proposition.

Proposition.     (V")＝〉(VII).

[proof]　For XG[ 幻 ，satisfying (F(x) ，x) ＝0,  apply    (V").　Then,  there

is ^ ＊∈[w],  for which　　　　　　　 丿

(-f(^＊)，y) ≧O　for all 3'^[ 幻

holds. In particular,  if we select y ＝（(unit vector),  then

χ(^＊)≧O・

Therefore,    F  (x＊)＝(式(^＊)，‥.,/
 
肺＊))≧0.     Hence,  we get the result of

(VII).　 が

Remark.    By　this　process of proof, we got the alternative proof of the

equivalence　between   (III)and   (VII)indirectly.
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