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Abstract

This paper deals with a comple χ system of dissimilar units including

the 2-out 二〇f-m subsystem. We consider two repair  disciplines,  and under

each repair discipline the stationary　availability　and　the mean time to

system failure are derived in the e χact eχpression.    The appro χimations

for the above formulas are also obtained 。

1.    Introduction　　　　　　　　　　　　　　▽

In the previous paper 〔5〕, we  have considered a system composed of

two subsystems connected in series, one　of which consists of an　active

unit and a warm standby and the other  consists of several different units

connected in tandem.     Many studies have been made for multiple-unit

systems with repair.     Especially, Gaver　has discussed　systems composed

of two identical units 〔3〕and those composed of two dissimilar units 〔4〕

with eχponential failure and general repair.

As a natural generalization of the above model 〔5〕，it may be thought

of a model in  which the paralleled subsystem consists of three or more

dissimilar units.    The　problem,  however,  becomes　too　comple χ　by the

condition “dissimilar", because　the possible states of the system are too

cumbersome　to solve the corresponding differential equation.    Hence,  in

this paper we discuss a comple χ system composed of two series subsys-

tems.　One consists of m dissimilar repairable units treated as the 2-out－

of-m system, while　the other consists　of several　different repairable

units connected in tandem. We find the long-run availabilities under

the two kind of repair disciplines and  the mean time to system failure for

the system with the eχponential failure and the general repair distribution.

The appro χimations for these formulas are also obtained. These results

would be useful in practice indeed.

In section 3, we  ana ］yze the system availability.   The  long-run avai-
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labilities for the system are derived in the e χact eχpressions from the

diffe「ential equations of the renewal type, and those  approximate formulas

are obtained.　In section 4, time to system failure is discussed, and the

mean time to system failure is derived in the e χact and the approχimate

form in the similar way.     In the final section, some numerical e χamples

are given to make a comparison between　the　e χact value and the ap-

proximation of the system availability and MTSF.

2.    Models

We consider a  system composed of two subsystems ダ. and ぷz connected

in series.　Subsystem ぶ. consists of 別　dissimilar　units　-^1 ，-^2}
 ・ ・ ・ J   -^

。

connected in parallel,  while subsystem ぷ^ consists of n different　units

召i, 召2,...,  召
鈴connected in tandem.

    The failure　rate　of　each　unit　is

assumed to be ・constant,  and the　failure　unit　is　repaired　by　a single

service channel.

Denote by  ;i,＞0 the failure rate of unit j バJ=l ， 2, ‥., m),   and  we

define  λ≡ Σ 礼and  λf≡λ一礼.　Similary,  ぬ＞O denotes the failure rate of

J=l　　　　　　　　　　　　　　　　s　　　　　　　　　　　　　　　　　　　　 ｀
unit  瓦( ん＝l ，2, ‥.,  n),  and let ν= Σ^i.　We    assume　that　the　repair

4 = 1
time of unit 亀obeys an arbitrary distribution　function F,.(x),    i.e., its

pdf is

九( め ＝μ.(^)〔1 一FAX) 〕，

where  μバ匍is referred to as the repair rate of unit 亀.Similarly,    the

repair time of unit 瓦obeys an arbitrary distribution function  瓦(x)and

its pdf is gi,(^) ＝rk( め〔l －G,(x) 〕,   where  几 卵)is the repair rate of unit

耽.

In this paper,  we assume that the    operation of    each unit is fully

rastored upon repair.　　　　　　　 ダ

We consider a subsystem 5, as a 2-out-of-m system　assumed　to　be

down  when two or more units in the system　fail.  Therefore,  the system

fails either when　two　or　more　units　in　 亀　are　simultaneously　in　the

failure state or when failure of any unit in s. occurs. while the system

is in the failure state,  the failure rate of each good unit is zero.     If any

unit in s. fails while a failure unit in Sr is being repaired,  it is repaired

without  delay interrupting the repair of unit in Si.     Then ，we  adopt  the

following repair disciplines ；

(2)
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1）Preemptive repeat repair discipline and

2）Preemptive resume repair discipline.　　　　　 ‘

We also assume　that  the reliability of　detecting　and　switching　is　one

and time to switch over is neglected.

3.    Availability

3, 1　Differential equations

Throughout this paper we use　the indices f　and j for　unit　in　s, ，

both of which will always go from l to s and the  index    ゐfor unit in

ざ. which will also always go from l to n. These indices are used for

state probability,  summation and so on.

First, we introduce the following notations ；

夕（0:probability that at time Z all of units　A,, ‥.,  A 。and  召
 ‥.
，B 。

are operating ・

鳶（らx)dx : probability that, at time Z （1)  the system　is operating,  and

（2 ）unit Aj is in failure and its　elapsed repair time （e. r. t.）lies

between J and J 十dx.

ん し，x)dx:probability that, at time t    （1）the system is down due to

failure of  units  Ai  and  Aj, （2 ）unit  ふis waiting for repair, and

（3 ）unit  痢is under repair and its e.  r. t.   lies between X and

X 十血 ．a ≒j）

ら（t，めdx : probability that, at time Z the system is down due to failure

of unit 瓦and its e.  r. t. lies between X and x? ＋dx.

qj,(t，x ）dx:probability that, at time Z (1 ）the system is　down　due　to

failure of units ^i and 瓦，(2）unit Aj is waiting for repair,    and

（3）unit  瓦is under repair　and　its　e.  r. t.   lies　between　J　and

x  ＋dx.

卯 らX ，y）dxdy:probability that,  at time Z （1）the system is down due

to failure of units A, and 民，（2 ）unit  瓦is under repair and　its

e. r. t. lies between y and y 十dy ，and    （3）unit  馬　is　waiting　for

repair but Aj had failed at time Z －y and its e. r. t. lies　between

J and x  ＋dx.

δ:repair discipline index, i.e.,  δ＝1 if the repair discipline is preemptive

repeat and 8 ＝0 if preemptive resume.

Viewing the nature　of the　system, we　obtain　the　following　set　of

（3 ）
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differential equations　 ；

（1 ）

(2 ）

（3 ）

（4 ）

（5 ）
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[昔＋＋̂小ぷ]スJo が Qk(t・x)r,(x)dx,
[↓
十
青
十々 十V 十μ沁

川
九(らJ) ＝(1 －∂):l;SI

‾yi(t，
乱，y)γ1(jy)心 ，

じ レ
十
士
十わ(^)]Pi:  (t,    X)  ＝禄:  [t,    X)( 伴j),

じ レ
十
余
十が 匍]q,(t,  x) ＝0,

δ[jレ十士 十な め] ら( ら 祁 十('A
レ
十
万
十がy]]

゛g皿(ち石3')ニ0.

Equations   (1)～(5)are solved subject to the following boundary con

ditions  (6)～(9)and initial condition (10).

（6)

（7 ）

ち(h O) ＝Lp^(t) 十 ΣJo ΣJo

・ ・VjJo　　　　　　　　　　　　　k   Jo　　　'

p 衣らO) ＝O　　(i ≒j)，

ぐ8)　qu(t,  O)=v,p,(t),

(9) δら( ち0) 十(l －δ)g,,(i, X, O) ＝印 ぶ) ，

(10) 戸o(O)＝l.

3. 2　Solutions

(i)Preemptive repeat case

‥・　In this case we  set 8  = 1 in the equations  of 3. 1.   Applying the Laplace

transform   (L. T.)to   (1)～(9)with,respect to if  under the initial condition

(10)in order to solve the equations, we have

(11)　D 十X十p]Pois)＝l十万S) 沁, x)μ:(x)dx十ぶJo x) μ(x)dx,

(12)
ト
十
士
十λf十V十μバめ

少
沁, x)＝0,

(13)
ト
十
余
十め(x)]ん(s, x)＝λ,pj{s, x),

(14)[S 十士 十几[匍]q ぶ，x)＝0,

(15) ト 十士 十が^)] み(らx) ＝0,

(16) か ・̂' O)ニ伊ぶ) 十
■ ■VjJo

μ,■ (x) dx十耳Syみ(らJ) 几(功面'

（4 ）
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(17) ん( ら0) ＝0，

(18)　 仏is, O) ＝v,p,(s),

(19)　q μs、O)=v,p ル) ，

where － represents the L.T.  of the corresponding function.

Solving these　equations    (11)through    (19),  after some　manipulation

we obtain

(2°)AW) ニ7^ 十λ十V

where g(s)≡Σjふ̂(め，

{1十Σ瓦(s,O)力(s十々 十川

(21) 瓦(う＝{^yj(s,x)dx=Pj(s, 0)^  ‾⑤ グク) ，

(22)　ゑ沁Jo 丿 心＝尚尚 ゑ( ，̂ O){1‾
で(5)

犬 器 許}( 汚^-)，

(23)　Jo S

(24)　Jo s

Moreover, we get

(25) 臥s ，0)＝
0 十 々 十ν） (々 十y) 十乙

－( λ7十り 窟(s)

where

(26) α(s) ≡p,(s) 十Σ
1

■-i λ* 十V

-

慰り

f.(s +  々 +v)

瓦(い0)[y 沁] －y沁 十λグ十^)]

Using the following relation （by the total probability theorem) Ｓ

ク

(27)P,(s) 十Σ ゑ(s)十Σ ん(^) 十Σ 必W) ＋ΣΣ ら( 社＝   A.
j　　( 畠)　　　1　　　　　j　i　　　　　　5 '

we can  calculate a (s).　Then we obtain the　L.T.  of all state probabilities

from    (20)～(25).　Since these may be    (possibly)e χpressed in some

complicated form,  we consider the stationary availability hereafter. Now,

from  (25)we have

(5)
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（28 ）limspj(s,  0 ）
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勺-(
回 付 齢

十
丿im  sa(s)

Also, from   (20)  and   (21), we have

(29) 皆 φ,(幻¬十 写奈 々 十叫im.spj(s, 0),

(30)lim j Σ 瓦(s)＝ΣL 彭 λ ら)lin,  φホ ，0).

We can 
に
t
こ
long-r
l
n a

ご 二Iity

 of

≒he system-

ち( °°)by applying

the Tauberian theorem to equations (28) ～(30) ，that is,

(31) 九(oo) ＝Iim j £;瓦0) ＝limsα0).
5-*0　J=o J→0

Obviously,

(32)Iim バ Σq 冶) 十 Σ Σ ら( 川 ＝Pb  lim  5α(s)

ぷ->0　　k　　　　　j　k　　　　　　　　s->0

where

Pb≡ ぷljlβ，and β,≡S
ンgi(z)

心(mean repair time for 耽) ，

（33 ）lim s Σ ん （ ）＝l
ム ルL

”0     
（  I. i　　　　j

λ1＋^ λ－( 礼 一ヱノ)
lim s α(s)

where ら ≡S
ンL/モ;(J)

血(mean repair time {or  Aj).    By the above relations,

お

lo

U)1ヅll the exact expression of the stationary availability ちco)as

(34) わ ゜゚ )十 ゛ バ づ ⑤( ゛ド) 胆 応 冷 タ芦 円 ‾
・.

By the way, if λand  /a「e sufficiently small, we have the appro

r  (34).    That is, if 5 is sufficiently small, then

yy(s)＝SFexp( －g) 糸 匍血 ＝1 一礼 十
万 剛2)
－……

By the way, if λand  v are sufficiently small, we have the approχimation

for  （34）.    That is, if 5 is sufficiently small, then

where  α’)Ξ( －l)呪(5)(「」に，and  a.≡卵)，Therefore,  if 2.*, v≪1, then

(35) 址* 十り 心 －(λf十v)a.十{・(λ*十げ 岬・

謡E ご ツthe above “slation・ we have the approximation for (34)as

(36) ぬ(゜o)゙ [1十Pb十i J- 十(礼－り(
足賜7
十v)卵/2]]

二

（6 ）
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This appro χimation is practical and useful for several type of the failure

distribution which has both the 1st and 2nd moment.

(ii)

ln

ここでごとl ご こご; ご;s乱tbe equations (1)

～(9), we can derive the

stationary availability in the same way as the case　of  (i); we have

(37) ち 岫 ゛[1 十両十3 元9 元
謡牟7]]] ス

大 岩 言o 黙 こ づ 言 二 篇 才 六 匹 二 ∩4)

(38) わ( ゜゚ト[1  + Pb十y Pi
≒

が]

― 1

where  馬≡λ夕j and Pi) ― 
万
λ/^
   ./)■

4.    Time to system failure

In this section, we shall treat the time to system failure.    We derive

the exact expression of the mean time to system failure (MTSF)and

its approximation formula.　We introduce the following notations ；

ξ:time to system failure

ro(t) : probability that ぐ斗t and all units are operative at time t.

り(らx)dx: probability that ξ＞i,  and  unit As is under repair and its

e. r. t. lies between  x  and  x 十dx.

べ0 : probability that at time Z the system is in failure.

We can easily set up the following set of differential equations in

order to obtain the MTSF ；

(39)

(40)

[昔 十λ十p]ro(0 ＝ 弓 り(いx) 馬(x)dx,

[ み
十
青
十;i*十p十μj(妁

]
り(らx) ＝0,

(41) 量r(t) ＝vn(り十万(々 柚)り(Z)

where  り(i)≡Sy( ら め血.

con

lVとLで言 二j7 こsl;にoこ17ed subject to ヤe following boundary

(42)　rj(t, O)＝λ几(t)　　　　　　(7)　　　　　　　　　　・I
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焦 二 二aplace transforms of (39)

～(42),  we can reduce them to

(44)　D 十λ十p]fo(め＝l十I
 Jo

μバx)dx，

('')
卜 み

十万十・十猷x)]f,(5,    ,'C)＝O

(46)sf(s) ＝ufJs) 十E λ*卜) ゆ) ，

(47)　ら(s, O)＝Xr,(s).

Solving these.equations, we have

(48)f,(5) 〒λノ ‾⑤ グま゛)ら(ら

(49) ら(5)＝[s + v十Σa －京 叶 λ*十^))]-1

The L.T.  of the distribution function of time to first　failure　of　the

system is given by

(50) 靫り＝E[exp( 一将)]＝sf(s)=vr,(s) 十Σ(λf十少 力)
．・　　　　　　　　

●　　　　　　　　　　　　皿　　　
・　　　j

p十Σ 礼λf十v)(l 一力s 十λ;十ν))/(s十λ*十lノ)
-

-

Differentiating 小(s)with respect to s, and putting 5  = 0, we obtain the

exact expression for £(f), the mean time to system failure, as

1十Σ 礼(1-奈々十り)/ λr＋^)
(51) £(ぐ卜

‾
子
飴)
し0

み
苓礼(1一八 が十印

In the same way as in the previous section,  if ぞand  V are sufficently

small, then we have the appro χimations　of MTSF as follows ；

1st kind approximation :

1十ΣPj　　　　　　Σ 々pj　-]
(52) 聯 ≒ 牛 水 石 ＝

ト
竃 戸]

2nd kind approχimation :

1十Σ{らーλj(λf十v)岬/2]
(53)
£(ξ ゛-

十耳(λ
チ
十り{ρ/－W グ十v)af/2}

Σ々匯一礼(々 十・)卵/2}'
ニ
レ

十
六
Σ{ら一心{V十v)ぐ/2 ＼]

（8 ）
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Setting v ＝0 in   （50）and    （51）づ(5 ）and    £(f）become the results

which correspond to （14）and    （15）, respectively, Mine et al. 〔i〕.

5.    Numerical e χample

In this section we apply the resu]ts of the preceding two sections to

some particular  cases.　To give　an　impression　of the　accuracy of our

approximation,  we make some　numerical　comparisons　for　the　system

availability and MTSF.     Four repair time distributions　are considered ；

exponential,  2-Erlang,  10-Erlang,  and regular distribution 。

Now,  we e χamine  ち( °°)and  £(ぐ)for the　2 －out－of-3　system,  i. e.,

the  case　of　m  ＝3,    with　the　following　parameters ；　λ,＝o.01 ， λ2＝o.02,

λ3 ニ0,025,    μi ＝l.00,    μ2 ＝2.00,    μ3＝1.00,    ν＝0.  01　and　Pb  ＝0.05.     These

numerical results are given in the Table.

(Availability)

Exact
(i ）

(ii)

App.

-
Exact

App・

(MTSF)

Exact

1st App.

2nd App.

(i):Preemptive repeat,

Table.   Availability and MTSF

Eχponential　　　2-Erlang

0.951196

0. 951146

0. 951196

0.951157

87. 5032

87.0833

87. 5216

0. 951480

0.951454

0.951482

0.951463

87.4021

87.0833

87.4115

10-Erlang

0.951712

0. 951701

0.951716

0.951707

87.3195

87. 0833

87.3236

Regular

0. 951771

0. 951762

0.951775

0.951768

87

87

87

2987

0833

3020

（i）:Preemptive repeat,    （ii）:Preemptive resume

The  numerical results show that （36）and    （38）for the system availa

bility and （52）or  （53）for MTSF give good approximations.
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