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Temporal General Equilibrium in Overlapping Generations
Model with Self-accumulated Pension

Kazushi Nishimura

Abstract: We shall aim for the temporary general equilibrium theory in spot and forward perishable
goods markets and spot and forward bond markets for life period. In this model, each spot market and
each forward market are segmented and so bond markets. Flow markets of goods and stock ones of bond
are also segmented. After each working consumer withdraws fixed fiat money and each retired redeems
bond, equilibrium prices are decided in the goods spot and forward markets. After each working invests his
withdrawn money on bonds and each retired replace his bond, equilibrium prices are decided in bond spot

and forward markets.
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1. Introduction

We consider that in the competitive market, all the participants behave themselves as completely
selfish and self-supported.

Samuelson[18] assumed that men enter the labor market at about the age of twenty and they work
for forty-five years or so and then live for fifteen years in retirement. We are interesting in the working
generations and the retired generations who are completely selfish and self-supported.

In a model, the working consumers have endowment till their retirement and in each period
withdraw fixed money from his income and accumulate his own fund with government bond of v term
periods. The retired consumers receive redemption of bond and its coupons as self-accumulated pension
and buy discount bond of one period. There exists no bequest. The newcomers in the market have t
periods till his retirement and the new retired ones have the last v life-span. We consider the temporal
general equilibrium in an exchange economy. This type of overlapping generations model were
developed in 1970’s by Grandmont and Laroque[9], Grandmont and Younes[10, 11] and Grandmont
and Hildenbrand[6]. In the paper[16], we exercised two period model of Grandmont and Hildenbrand
under the uncertainty. Here, we extend it to a multi-period model with age structure in goods spot and
forward markets and bond spot and forward markets.

Consumption loan is possible if a consumer borrows money only for one period. However, a

retired consumer cannot borrow any money because of the assumption of no endowment. Since we
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are interesting in the existence of equilibrium in the market with private pension, we shall focus on the
function of the fund without banking. On behalf of no borrowing and lending, there is no interest for

money hoarding.

2. Definitions and Assumptions in Goods Spot and Forward Markets

We consider an exchange economy, where trade starts at period 7 = 1 and continues sequentially
over time. A newcomer who initially enters into a market works for t periods and lives for v periods
after his retirement. Each consumer saves his or her own fund for the retirement life period with no
bequest. Each generation is denoted by an age index 2 =1, 2, ..., 1,..., T+ V. If # = 1, the generation is
a newcomer in the economy. If 2 =1+ 1, the generation is retired. If 4 = T + v, the lifetime is over. The
age structure in the society has been stationary and therefore let the population of each generation the
same and constant.

At each period there exist / perishable goods, paper money, a discount bond to have a maturity of
one period and government bond to have a maturity of v periods. A consumer who works for t periods
is endowed with *e< R.” which is perfectly foresighted, where R.' is a closed positive cone of R' . At
period ¢ = 1, every consumer has no debt. The retired are not endowed, but withdraw their fund "d,
which has been accumulated for the working period. For simplicity, all the consumers cannot borrow

and lend money from the others. We assume
Assumption 2.1 Let’e > 0 and "am > 0.

For a working consumer at age & (h =1,...,7), let "x = ("x1, ..., "Xcsv-4) € RV "M be a
consumption stream. Let (v/7) "am & R, be fixed money holding for a consumer to withdraw from
his income at each period till his retirement. "am is average income during his working periods. For
the retired consumer at age A (h =1+ 1,....,t+v) ,let"x = ("x1, ..., " Xesvs1-4) € REVTI D e g
consumption stream. At period # = 1, money price is one and a vector of market prices is denoted as
p1€ int R, where p, is a vector of monetary market prices of perishable goods. At period 7, a vector
of market prices is denoted as p,< int R..

An action is a decision to trade in a commodity market and a money market at period 1. We denote
the action by ("xi, (v/1) fam) € R, where "am= {1/ (x+v)| ¥ (=1 " E[p] - "e. Let (v/1) "am the
amount of withdrawn fund at each working period and v *am is paid for v retired periods. A plan is a
decision to trade in a commodity market and a money market at period 2. We denote the plan by (“x,, (v/1)
bam) € R.".

Let g=(¢>, ..., qv) a price vector for forward contracts on goods for v — Iperiods. Forward contracts
on commodities at period 1 by a consumer at age 4 is “c = ("cs, ..., "¢,)E€ RY~"'. When the consumer
contracts to buy the k th good “c4 >0 at period # in the forward market, he receives the k th good 'c4 at

the beginning of period . When he contracts to sell the & th good “ci <0, he delivers it. We assume that
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the consumer must settle his forward contracts within his own account at period ¢, as follows:
Assumption 2.2 ¢ - "c =0.

In the spot and forward markets, given a price vector p;, an endowment “e;, and an average income

" and a

"am, the consumer chooses an action (“xi, "am) restricted by a subset of an action space R
contract “c by a subset of a contract space RV~ V', which are denoted by "8i (p1) = {("x1, "am)SR."" |
pi i+ (V) Fam=p, - "ei} and "Bi(q) = {"ci RV Y| g - "¢ = 0}. A plan is restricted by each subset

"1 which depends on the chosen action “x,. This subset is represented as follows:

"B, of the plan space R
"B (p) = {"'x:S R | pr * "%, + (v/7) "am=p, - ("et'c)) } for 2 =t=tand "B = "SR+ | p, - "x, ='d, }
fortt+1=r=t+v.

On the other hand, a retired consumer’s action is defined as a decision of trade in markets at period
1 and represented by "x; & R.'. Given a price vector pi, the consumer chooses an action restricted by
a subset of an action space R./, which is denoted by "Bi(p1) = {2’ ER:' | p1 - "x1 ="d,}, where "d, is a
pension. For 1+ 2=<¢=1+yv, there is a plan which is restricted by each subset "8, (p.) = {!xZ.SR.| p * "x
='d, }of the plan space R.".

We assume that consequences of his consumption behavior at period 1 are under certainty and
ones at period ¢ (¢ = 2, ...,7+V) are under uncertainty. We adopt the expected utility hypothesis with
respect to the consumer’s preferences to the consumption stream.

A space of consequences of the consumer’s action and plan at age % is the space of consumption
stream C = R, """ ! Let M (R.') the space of all probability measures on the measures on the
measurable space (R, B (R.")),where B (R.) is the Borel o-field on R.'. On the Cartesian product
M*~" (R/) of the spaces M (R.'), the consumer chooses a probability measure and the preferences are

represented by a preordering ='. Thus we assume as follows [7, Assumption 1, 6]:
Assumption 2.3 There exists a von Neumann-Morgenstern utility “u : C —> R which is continuous,
bounded, such that the mapping *v : M =" (R,)) —> R defined by "v (u) = | "u dy for any pEM* "
(R.) is a representation of the preferences ='. Any von Neumann-Morgenstern utility "« is concave and
monotone.

Under Assumption 2. 2, the consumer at age % is faced on the certainty at period 1 and the
uncertainty at 7. Then, according to [14], a mapping "v(u) has the following form for any p =(u1, ...,
Wetv-1) EM™H(RY).

Assumption 2.4 w(p)="u; + Y o™ ! by dp,.

The uncertainty in Assumptions 2. 3 and 2. 4 means one of consequences when the consumer
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will act in the future period. On the other hand, the consumer expects the next period’s equilibrium
price system. According to Grandmont’s exogenous expectation [7, Assumption 2], we assume a
Grandmont’s expectation function that the present price system quoted p' = (p,, 1, g) € R/*1+*0=D! 710}
corresponds to a probability distribution ", (p') € M(R.'/{0}).

Assumption 2.5 Let the expectation function’y/, (p') : R/*! 0= 710} —> M(R.{0}) , 1=2, ...,v.
(1) w: (p") is continuous, when M(R.!,”{0}) is endowed with the topology of weak convergence of
probability measures.
(2) For any p'©€R./*1+0=D ~£0} int co supp "y (p') # 0.
(3) Forany p'©R,/* 1=V 710}, "y, (p") (int R {0}) = 1.

Since we introduce money to the model, according to Grandmont [5, (c. 3), p. 222] we assume a

further assumption.

Assumption 2.6 Foranyp'©R/"'0— L0} theset {"y,(p") |p'ER/FTIHO O ,t=2, ...

is relatively (weakly) compact.

This assumption is the necessary condition for the boundary condition and at least one consumer
shall satisfy this for the proof of the existence of equilibrium in the spot market. All consumers assume
assumptions 2. 3 and 2. 4 for the existence of equilibrium in the forward market.

Well, we shall show that two uncertainties of consequences of consumer’s actions at the future
period and expectation of spot price system at the future period are related by the assumption of a
random variable y . We assume that the consumer at age / has the following continuous linear mapping

y , which we call a transformation function.

Assumption 2.7  y:fa - I,V " g, (R 4+ {0}) —> C, where " a, (R.'*',/{0}) denotes the

range of a measurable function a,: R.'*! {0} —> R.".

Since the transformation function y is a random variable because a price vector p, is a random
variable by Assumption 2. 3, a probability distribution defined on the space of consequences C from the

H1+(v—

space of price expectation R- D 7{0} can be induced by the random variable y . According to [13],
a von Neumann-Morgenstern utility function is denoted as "u( y ("ai * TL=1""""""a,)) =Y """ "y, (*a,
(p,) by the function y. Therefore, an expected utility function on “a; and p', "v(*a: , p') is denoted by

hv(ha] ’pl) — hul(hxl) + ztzzwv—hj' hu,(ha, (pr)) d’ W (pl) 2.1

R
+

By the relation 2.1, a rule of Grandmont’s decision making [7, p. 884] is formulated as follows:

Given p', for any actions *ai, "ai = € "Bi(p1), "ar =, ¢ "a; ~ if and only if "v(*a, , p') =

(4)
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ay *, pY). 2.2
We shall assume the condition of the solvency so that the consumer will not be bankrupt at period

t . The condition of the solvency at period ¢ is:

Assumption 2.8 p, - ("et"c;)=0, for any p, € supp "y . (p').

3. Generations’ Optimality in Goods Spot and Forward Markets

Each consumer decides on an action and a plan. We shall show each generation’s optimality and
each demand correspondence’s properties.

The consumer decides on an action (“xi, (v/t) *am) and a contract “c at period 1 and a plan “x, at
period 7 subject to the sets of his budgets "Bi(p1), "Bi(q), "B: (p.), respectively. In the first step, we solve
a problem to decide on the action "x; and the plan "x,, given a price vector p,, an endowment “e, for ¢ =
1, an endowment (“e+ "c;) for 2 =t=v, e, for v+ 1 =¢=1, "d, for t+ 1 =¢=1+v and an average income
"am subject to the set of budget “8; (p,). We substitute the solution “x* for the equation 2. 1 and we shall
obtain an expected utility function "v (“ai, p1). In the second step, we shall obtain the optimal action
hai* = (" *,(v/T) *am, "c*) subject to the sets of budget *Bi(p1) and "Bi(q) in the goods spot market and

goods forward market.

3.1 The working generations’ optimality

The working consumer decides on an action “a; and a plan "a, subject to the sets of his budgets
"8, (p.) with two steps. In the first step, we shall solve a problem to decide on the action “a; and the plan
ka, given the price p;, subject to the set of budget 8, (p,). When we substitute the solution a,” for the
equation 2. 2, we shall obtain an expected utility function *v(“a;, p1). In the second step, we shall solve
the action a; subject to the set of budget "Bi(p:).

First, we solve the problem of plan-decision. Then, we obtain the solution of action-problem.
Next, given the price p; and the action a, at period 1, we solve a well known problem to decide on the

plan a, subject to the set of budget, “8: (p)).

Problem 3.1 Under Assumptions 2. 1 to 2. 7, p'> 0, at age h (1=h=r1), given the average fund
money “am and "c ,

max Yo 7L hy, (),

{"x}
subject to p1 * "x1 + (v/T) "am=p1 * "ei, p2 * "2+ (VIT) "am=p; * ("ex +"c), ...,
Dy "o+ (V) fam=p, - ("ev+cy), ..., pe P+ (VIT) Tam =p. - e, povt o1 =", oL, Prev - "X =
"ty
Solution Let L ="ui(x1) — M{pi * "x1+ (V1) "am—p - "e}.
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S"uy =M - pi,p1 - i+ (V) fam —pi - ter = 0.
"xi
Since u, is concave, these conditions are the necessary and sufficient for the solutions. Let the solutions
% *(p1),M *in the spot market.
Next, fort=2, ..., v, let L;="u, (x) =M { p: - ", + (v/1) "am —p, - (*e,+"c2) }.
"=k pu pi* "+ ) "am—p, - (e +"c)=0.
o'x,
Since ut is concave, these conditions are the necessary and sufficient for the solutions. Let the solutions
"x,*(pz, hCz)Jw*.
For t=v+1, ..., 1, there is no forward market for the consumer. Let L, ="u, (x) =\ { p: * "x:+
V1) tam —p, - "e}.
", =h=ps, - p* "+ 1) am—p, - "e,=0.
o'x,
Let the solutions “x,*(p,), A.*.
Lastly, for the retirement period, let L, ="u, (x)) =\ { p: * "x,—"d,-1}.
"=k py pi* "x—"td-1=0.
o,

Let the solutions "“x.* (p), A.*. =

Let "x* be a solution for Problem 3. 1. In Section 2, we have defined an expected utility function
"y(ay, p1). When we substitute the solution “x,* for the equation 2. 2, we shall obtain an expected utility
function "w(a, pr)="u; (x1) + X =1 V1 [y, (%) dy (p1). The solution x,*(py) has been decided.

We decide on the contract hc as follws:

Problem 3.2 Under Assumptions 2. 1 to 2. 8, given ¢ > 0, at age h(1 =h=r1),
max Y = VT [y (e (p))d " w o (p') , subject to g - " =0.

{"c}

Solution LetL=Y . **V* 1= [y, (i, *(p, 'c)) d"w (p))— Mg - "c .

0 "u(x*(poc) d"y )=k qi, q - "c =0.

e,
Since u, is concave, these conditions are the necessary and sufficient for the solutions. Let the solutions
he® N*. o

Let"v('c, p) =Y =2 ™ Pl (I (s, ")) d "y o (o).
The necessary and sufficient condition for the existence of an optimal solution to the next problem
3. 2is:

(6)
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Assumption 3.3 ¢, € int cosupp "y, (p1).

Theorem 3.1 The necessary and sufficient conditions for the existence of an optimal solution to
Problem 3.2 are p' > 0, ¢ € int co supp "y, (p").
Proof See Grandmont [6, Proposition 2 ] and Nishimura [17, Theorem 4. 1] . O

For a consumer, we assume that consumption set R+’ is non-empty and compact. We define
a correspondence "B, (p1) = {"ax € RS | p1 - "1+ Pam=p, - *e; } from R.XR. to R.! and
a correspondence "8, (p) = {"a, € R | p; - "x,="d, } from R./xR. to R'. By Debreu [3], the

correspondences have the following properties:

Lemma 3.1 Correspondences "B, *B, are non-empty, convex-valued, compact-valued and
continuous on R and R/ respectively.
Proof Debreu[3, Lemma 3]. a

A rule of Grandmont’s decision making is that given p', for any actions “a; and "a;” €"Bi(p1), "a:
=, ¢ "y~ if and only if "v(*ai, p1) ="v("a1 ~, p1). Therefore, for i th consumer at age 4, maximizing
hy (*ay, p1) on "Bi(p1) yields the set " &, (p1) = { "a1 € R | ™("ay, p1) ='"("a; ~, p1) for every "a,’}.
We call #&; (p1) his demand correspondence. The demand correspondence *&; (p') has the following

properties.

Lemma 3.2 "¢ is nonempty, convex-valued, compact-valued and upper hemi-continuous. For all p,
R and all "a, €"&;, py * "+ tam=p, - "e,.

Proof By Lemma 3. 1, "¢, is nonempty, convex-valued, compact-valued and upper hemi-continuous.
From the monotonicity of preferences, his budget satisfies the equality [19, Proposition 7. 4 and

Corollary]. |

By Grandmont [5, Proposition 4. 2], the consumer’s demand correspondence &, satisfies the

following boundary condition.

Lemma 3.3 For any "a; “€ & (p/*), if pi* tends to p.® & R /Py, or if Ip,*l tends to + oo, then

I a1 tends to + oo.

In the goods forward market, we show properties of "Bi(q) = {"cER¥ V| q - "¢ =0, p> * (extc2) +
m*=0, p, - ("e"c)=0, for any p, © supp "y (p")}, according to the results by Debreu [3]. We define
the i th trader’s excess demand correspondence * &, and prove the properties of &, .

The correspondence *B1(g) has the following properties:

(7)
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Lemma 3.4 Correspondence “B is non-empty, convex-valued, compact-valued and continuous on
RI-D

Proof Nishimura[ 17, Lemma 5. 1]. O

A rule of Grandmont’s decision making is that given p, for any actions ¢, ¢ = € "8 (q), "¢ =)' ¢
e~ if and only if ™w("c , p') ="w("c’, p"). Therefore, maximizing v on "B\ (¢) yields the set " &, (¢) =
{ e SRV | iyt | pl)y = My(tc ©, p") for every "c ~ }. We call *&; (¢g) his demand correspondence.

The demand correspondence *&; (¢) has the following properties.

Lemma 3.5 " is nonempty, convex-valued, compact-valued and upper hemicontinuous. For all ¢
€ R0 Dandall c€™,, q - "c=0.
Proof Nishimura[17, Theorem 3. 6 ]. O

The trader’s demand correspondence &, satisfies a boundary condition.

Lemma 3.6 For any “c ‘€ &, (¢¥), if ¢* tends to ¢° & R ' ©=P /int R. ' “=, or if Ig*l tends to + oo,
then g* - "c* tends to + 0.

Proof Grandmont [5, Proposition 4. 2] O

3.2 The retired generation’s optimality
Since the retired consumer does not face on the uncertainty at period ¢, his problem to obtain an
optimal consumption at period 1 is well known. We assume that ,; is .continuous, concave, bounded

real-valued utility function.

Problem 3.3 Under Assumptions 2. 1 to 2.7, p'> 0, atage h(t + | =h=1+V),

vhvil=h by ("x,), subject to pi + "xi ="tdi-1, .y Poavet—n * erver—n="d-1.

max Y-
'}
Solution Let L ="u,("x) —Mp: * "x,—"dy-1}.

@t =X 2Ry 2 I —="dy—1 =0.

'x,
Since "u, is concave, these conditions are the necessary and sufficient for the solutions. Let the solutions
"xi *(po), M*. o

Problem 3.4 Under Assumptions 2. 1to 2. 8, p’> 0, atage A(t+ 1=h=1+V),
max zt:]wvﬂ—h .[hur(th *(pf))dhl//:(pl)
{"x*}

Solution Since "u, is concave, Jensen’s inequality,

(8)
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X T (e (p))d My (p) SX =T (B ()

Let the solutions "x,** = E["x,*(p,)]. =

4. Definitions and Assumptions in Bonds Spot and Forward Markets
4.1 The Consumers’ actions and plans in Bonds Spot and Forward Markets

We consider an exchange economy with a discount bond of one period and a government bond of
v periods issued newly in bond spot markets and there is government bond forward markets for v—1
periods. We define actions and plans formed by consumers in a discount bond and government bonds
spot and forward markets.

A discount bond has a maturity term 1 and pays one money unit per one unit of bond. A
government bond has a maturity term v and pays an fixed interest C° =(C\’, ..., C,-°)money unit per
one unit of bond at each period till the maturity of v periods and redeem one money unit per one unit of
bond.

At each period there exist a discount bond and government bonds. A consumer who works for t
periods to withdraw a fixed average fund (v/t) am>0 which is perfectly foresighted. A consumer at
age h(1=h=r) who works for 1 periods is endowed with "»'& R."~' which is perfectly foresighted,
where R."~! is a closed positive cone of R*~! . At period ¢ = 1, every consumer has no debt. The retired
are endowed with their fund dj- 1, which has been accumulated for the working period. At period ¢ = 1,
every consumer has no debt. For simplicity, all the consumers cannot borrow and lend money from the

others. We assume

Assumption 4.1 Let "b'>0,(v/1) "am > 0 at age h(1=h=1) . Let"d, > 0 at age h(t+1=h=1+V)

and at period 7 (1=¢t=v—1).

A consumer at age 1 holds the bond term structure as follows:

age period The left side of budget The right side of budget
h=1, =1 'p' = ('Y =0
(=2 1b2=(lbvf11, 1bV2) 1b1=(lbvf11)
t=3 'b*=("by-2", 'by-1%, ') 'hy=("by-2", 'by-1?)
t=v ' =(b,..., 'b") b'=(b,..., " by-1""")

t=v+1 B t=('b1..., 'BY)
=1 lbt:(lbltflfv’“.’lbvifl)’ ldI

t=1+1 1! :(lblrﬂiv, ey lbv—lT), '
t:T+2 ]bt+l :(Iblr+27\" oo Ibv_21+l)’ 1 a2

(9)
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t=t+v—1 '"pit=1prv g
t=1+v =0
At period ¢ = 1, a vector of market price of discount bond is denoted as ps € int R.. At age h (1=
h=1+v—1), a consumer purchases a discount bond for the next period payment by the redemption of
maturity and coupons of bond. Let a discount rate of interest r,, (1=¢=v). Since the discount price p,,
>0, the rate r, is r, E(— 1, ).
pa is denoted as follows:
pa=_1
1+r
At period ¢ = 1, a new government bond pays a coupon C,' per one unit of bond and redeem at a
maturity of period v. At period ¢ = 1, a vector of market prices is denoted as ps' = (psi', ..., pn')E int
R M. pylis defined as follows:
pn' = G+ 1,
1+n
= G+ G'+1
1+ (A+r)(1+r)

pw=1'=_C." + C. +o+ G+ ,
1+r (IT+m)(1+r) (1 +r)-(1+r-)

p' =_C' + C/ +oe C'+1 .
I+ (1+m)(1+nr) A+r)-(1+r)

An action is a decision to trade in bond spot and forward markets at period 1. We denote the action
by "ay="p""" € RV " for I=h=< vand'a; ="b""" & R*""for v+ 1=h=t in bond spot market and in
bond forward for 2=</4=t. A plan is a decision to trade in bond spot and forward markets for 2=<7=t
+1. We denote the plan by a,="b, € R, for 2=<h=t and by "a,=("d","b')E R*"" 'forv+1=h=t+v.

Let g»=(qe2, .., g») a price vector for forward contracts on bonds for v—1 periods. Forward
contracts on bonds at period 1 by a consumer at age 4 is "c, = ("ci, ..., "cw)E RV, When the
consumer contracts to buy the £ th bond “cx >0 at period ¢ in the forward market, he receives the k th
bond “cy at the beginning of period z. When he contracts to sell the & th bond "cu <0, he delivers it.
We assume that the consumer must settle his forward contracts within his own account at period ¢, as

follows:
Assumption 4.2 ¢, - "c, =0.
In the spot and forward markets, given a price vector p' and an endowment "5', (v/1) "am and "d), -1,

the working consumer at age h(v+ 1=h=1) chooses an action "b' and a contract "c, restricted by

subsets of an action space R.* and a contract space RV~ Y, which are denoted by "Bi(pn) = {*b'ER,"|

(10)
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=pp "B+ (/1) "am+ C° - *B° ), where C°=(C\,..., C,-1°) and "Bi(qs) = {*cs SRV | g5

ke, = 0}. A plan is restricted by each subset S, of the plan space R.* which depends on the chosen action
kbt This subset is represented as follows: "B (pw) = {"6'E R ' | pu * "b'Zps - ("b'~'+ic) + (v/T) "am
+ih! T+ CO MY for 2 =t=t—1, "B: (D) = {"B*E R | par * it poe - O = ppe + (0T +1e) +
V) tam +"by '+ C° - "b*1 ) and "B = {"d\ SR | par - "d, Z'be' '+ Co - hy— 1} fort+ 1 =<1+,

20 kh

On the other hand, a retired consumer’s action for t+ 1 =A=1+v is defined as a decision of trade
in discount bond spot market at period 1 and represented by "di S R.. Given a price vector pa, the
consumer chooses an action restricted by a subset of an action space R., which is denoted by "Bi(pa1) =
{"d\ER. | par * "di="b"+ C° - "b°} and "Bi(gs) = {"cxER"™V | g5 * "cy = 0}. There is a plan which is
restricted by each subset "8, (pa)= {"d/S R+ | pa * "d; +pu * "b'Spy - ("B H )+ by T+ CO - Mp T
for 2=<¢=v—2 and "Bv-1(pa-1)= {"dv-1ER+ | pav—1 * "dy-1="by" 2+ C* - b2} fort=v—1.

We assume that consequences of his consumption behavior at period 1 are under certainty and
ones at period ¢ (2=t)are under uncertainty. We adopt the expected utility hypothesis with respect to the
consumer’s preferences to the bond stream.

A space of consequences of the consumer’s action and plan is the space of bond stream B = R.¥*'.
Let M (R-"*") be the space of all probability measures on the measures on the measurable space
(RY*', B (R 1),where B (R'*") is the Borel o-field on R.¥*'. On the Cartesian product M"(R.>*") of
the spaces M (R."*"), the consumer chooses a probability measure and the preferences are represented

by a preordering =’. Thus we assume as follows [6, Assumption 1, 6]:

Assumption 4.3 There exists a von Neumann-Morgenstern utility "« : C —> R which is continuous,
bounded, such that the mapping "v : M **¥~" (R."*') —> R defined by "v(u) = | ¢ "u du for any pe
M*Yh (R is a representation of the preferences ='. Any von Neumann-Morgenstern utility "u is

concave and monotone.

Under Assumption 4. 3, the consumer is faced on the certainty at period 1 and the uncertainty at
t. Then, according to [13], a mapping "v(p) has the following form for any p =(, ..., lesv—s) EMTVH
( R+V + 1).
Assumption 4.4 () ="y, +Y V[ g3 by dp

According to Grandmont’s exogenous expectation [6, Assumption 2], we assume a Grandmont
expectation function that the present price system quoted (pd', p»', ¢»)E RV ¢=D {0} is correspond

to a probability distribution "y, (pi', ps', g») E M(R.,” {0}).

Assumption 4.5 Let the expectation function "y, (pd', ps', q»): RV 0=D /{0}—> M(R"',/{0}),
t=2,...,V.

(11)



56 KAZUSHI NISHIMURA

(1) w. (pd', ps', g») is continuous, when M(R,**'{0}) is endowed with the topology of weak
convergence of probability measures.

(2) For any (pJ', pi', ¢) ER V=D L0}, int co supp "y« (pd', ps', q5) 70.

(3) For any (pd', pe', gp) ER 70 {0}, "y (pd', ps', gv) (int R17{0})=1.

Since we introduce money to the model, according to Grandmont [5, (c. 3), p. 222] we assume a

further assumption.

Assumption 4.6 For any (pJ', ps', g») SRV 0=D 710}, the set sup "y dpd', ps's qb), t =2, ...,V is

relatively (weakly) compact.

We assume that the consumer at age / has the following continuous linear mapping y, which we

call a transformation function.

Assumption 4.7 y:'ay - T-"""" fq, (R {0}) —> B, where "a,(R**' /' {0}) denotes the range

of a measurable function "a,: R,/ {0} —> A4,.

Since the transformation function vy is a random variable because a price vector p, is a random variable

by Assumption 4. 3, a probability distribution defined on the space of consequences C from the space

of price expectation R,/*'*¢=D {0} can be induced by the random variable y. According to [13], a

von Neumann-Morgenstern utility function is denoted as "u (y (*a; * TL=""""" ‘'a)) =5, -"""""tu, ("a,
1 &

(pd', p+")) by the function y. Therefore, an expected utility function on a' and p', "w(ai, ((pd', ps', qs)) is

denoted by
"War, (pds ps's g) = ")) + 3 =2 "w("ai(p)) d"w . (pd', ps', @) 4.1
R+V+1
By the relation 4.1, a rule of Grandmont’s decision making [7, p. 884] is formulated as follows:
Given p', for any actions *ai, a1 © € Bu(p1), "a1 =¢, " "ay ~ if and only if

W(la, (pd, ', qp)) Z "lar *, (pd', pb', b)) 4.2

We shall assume the condition of the solvency so that the consumer will not be bankrupt at period

t . The condition of the solvency at period ¢ is:
Assumption 4.8 p, - ("ert"c)=0, for any p, € supp "y . (pd', ps's g»).
4.2 The Central Bank’s action

The central bank has the issue right of money. The central bank settles one yen per one money

unit. The government bond is issued with a maturity of v periods and fixed coupon C,' per one unit at ¢

(12)



Temporal General Equilibrium in Overlapping Generations Model with Self-accumulated Pension 57

The central bank at = 1 pays the amount of coupons ‘Co=Y ;=1 4=1**"Y ,—¢* "' *C and redeems
the discount bond ‘Do =Y ;=1’Y 4=:+1 """ *dj and the government bond of maturity ‘Bo=3 i=17> s=1"*"
[thO .

The redemption of government bond of maturity and the repayment of coupons increase the
money supply. The central bank refinances the discount bond °D; = p,'“D, for the repayment of coupons
and the bond for the government bond B, = ps,'By. The central bank decides on the new coupon Cy' per
one unit according to the real rate of interest.

The central bank’ action is ‘a; = (°Di, “By) and must satisfy the following accounting identity for

each (pd', pu'),
Assumption 4.9 (P4, ') (X i=1" X h=eer TV, Y=t X 5=1" b)) = Dy + B,

The budget set of the central bank is “Bi(pd', pw') = { ‘@S R+*| (pd', pp')-
G imtIY hmeer TV, Y i T =t b)) — <Dy — B, =0}. The excess supply correspondence is
N d, pp') = @d' pp') (C i=1 'Y hmeit VALY 21 'Y e Y B =Dy —<B,.

5. Generations’ Optimality in Bonds Spot and Forward Markets
Each trader decides on an action and a plan. Since there exist two generations in our model, we

shall show each generation’s optimality and each demand correspondence’s properties.

5.1 The working generations’ optimality

The working consumer decides on an action @, and a plan a, at age A(1=h=1) and at period
¢ subject to the sets of his budgets "Bi(ps1), "Bt (ps) with two steps. In the first step, we shall solve a
problem to decide on the plan a;,, given the bond price ps and the action a; , subject to the set of budget
"B, (pr;). When we substitute the solution a,* for the equation 2. 1, we shall obtain a conditional expected
utility function "v(ai , ps1). In the second step, we shall solve the action a; subject to the set of budget
"Bi(pn).

First, we show properties of "B, ", according to the results by Debreu [3]. Next, we solve the
problem of plan-decision and prove the properties of the conditional expected utility function "v(ai, ps).
Then, we obtain the solution of action-problem. Next, given the price p; and the action ay; at period 1,

we solve a well-known problem to decide on the plan a, subject to the set of budget "B, (p).

Problem 5.1 Under Assumptions 4. 1 to 4. 7, p' > 0, at age h(1 =h=r1), given "¢, ,
max Zle THv+1—h ”u,(hb,),
{"b.}

subject to yZ30 hbl =pPn " th + (V/’E) ham + CO . hbo, Pr2 ® hbz =Ppr " (hbl + hcbz) +

(13)
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v/t) "am+ C° - "B, ..., pue t it poe DT =poc - (PDTT 1Y) + (V) tam + et 4+ CO - PpT
Docrt * "des 1 =0T+ CO MDY, L Dpesy M=

Solution In the first step, let Li ="ui("b") — M{ ps1 * "br—pu + "B° — (v/7) "am — C° - "b°}.

8wy =N+ pwi, pr1 + "B = pi "B = (v/7) 'am — C° - "B° = 0.

0"b

Since u, is concave, these conditions are the necessary and sufficient for the solutions. Let the solutions
% *(p1), M *in the spot market.

Next, for ¢ =2, ..., v, let Li="u, ("bY =X { pp * "b'—pp - ("b'" 1 +"¢c;) — (v/7) "am —"by' ' = C° -
=1y,

O, = - Dby

o'

P "0 =py - (BT ) — (viT) "am —"be' ' = C° - T =0,

Since "u, is concave, these conditions are the necessary and sufficient for the solutions. Let the solutions
"be* (o, "cr)y M.

Last, for the retirement period, let L, ="u, (x)) — A { poe * "d,="b'""' = C° - "p'~ 1},

0" =N+ pa, par * "di ="' —=C" - =0

0 "x

Let the solutions "d,* (pa), A.*. =
Next, we shall solve the action a; ,subject to the set of budget 1 (p1).

Problem 5.2 Under Assumptions 4. 1 to 4. 7, given g,> 0, at age h(1 =h=r1),
max Y =2 YU [y, (b, *(py, eo))d "o (pd', pd's gs) , subject to g, * e =0.
s}

Solution Let L=["u*("b* (pu, "cw)) d"w . (pd', pd's qs) — Mg * "can.

o w*(b* oy o m)) d "y P, pds g») =N+ Gos G+ cn=0.

0 Cht
Since u, is concave, these conditions are the necessary and sufficient for the solutions. Let the solutions
Cht * 5 X * . O

In the bonds spot markets, for a consumer, we assume that bond set R." is non-empty and compact.
We define a correspondence "1 (p,') = {"an € R | pui * "b'< ppi + "6+ (v/7) "am + C° - *b° } from
R+ to R.". By Debreu [3], the correspondence has the following properties:

Lemma 5.1 Correspondence “B; is non-empty, convex-valued, compact-valued and continuous on

R+V.

Proof Debreu[3, Lemma 3]. ]

(14)
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A rule of Grandmont’s decision making is that given p' , for any actions a; and a1 €"Bi(ps"), "an =
1€ "ap ~ if and only if "v("ay, p) ="v(*ay ~ , p"). Therefore, for i th consumer at age /, maximizing * v
on "Bi(py) yields the set "&1(pp) = {"an € R | "™("ap, pp') ="v("ap * , ps') for every "ay ~ }. We call
"€ (ps') his demand correspondence. The demand correspondence *&;(p,') has the following properties.
Lemma 5.2 *
SR and all "bS™E,, py + "' =ppr - "B+ (v/T) Pam + CO - "B,

&, is nonempty, convex-valued, compact-valued and upper hemi-continuous. For all p;'

Proof By Lemma 5. 1, ™€, is nonempty, convex-valued, compact-valued and upper hemi-continuous.
From the monotonicity of preferences, his budget satisfies the equality [19, Proposition 7. 4 and
Corollary]. o

ih

By Grandmont [5, Proposition 4. 2], the consumer’s demand correspondence ", satisfies a

boundary condition.

Lemma 5.3 For any "b'*& &, ( p,*), if ps* tends to p,° € R, /int R, or if | p,* | tends to + oo, then

I b | tends to + oo.

In the bonds forward markets, we show properties of 81 (g»)= | c;ER'™! |qh =0, p -
("er"c;) =0, for any p,&supp "w, (pd', ps', gs)} , according to the results by Debreu [3]. Next, we define
the i th consumer” excess demand correspondence *& and prove the properties of “; .

The correspondence *f1(g») has the following properties:

Lemma 5.4 Correspondence “Bi(gs) is non-empty, convex-valued, compact-valued and continuous
on R\~ ! .

Proof Green[3, Lemma 3.3] and Nishimura[ 16, Lemma 5.1]. ]

A rule of Grandmont’s decision making is that given p', for any actions “c, c = & "B (qs), "cs
= p1¢ "ep “if and only if "v("cs, (pd', ps', qn)) Z™("c *, (pd', ps', q1)). Therefore, maximizing *v on
"B(g») yields the set & (gs) = {"c,ER™" | "("cy , (pd', ps', g)) Z™v("cy *, (pd', ps', qv)) for every ¢y~ }.
We call #&; (g5) his demand correspondence. The demand correspondence "&; (g5) has the following

properties.
Lemma 5.5 ™ is nonempty, convex-valued, compact-valued and upper hemi-continuous. For all g,
& R, 'and all Cbeih(gl, qs * ”’cb=0.

Proof Nishimura[16, Theorem 3. 6 ]. O

The consumer’ demand correspondence &, satisfies a boundary condition.

(15)
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Lemma 5.6 Forany “c,/& ", (q,), if ¢,* tends to gs” © R~ /int R, or if || g, || tends to + oo,
then ¢,* - "c,* tends to + oo.

Proof Grandmont [5, Proposition 4. 2] O

5.2 The retired generation’s optimality
Since the retired trader does not face on the uncertainty at period 1, his problem to obtain an
optimal consumption at period 1 is well known. We assume that u, is .continuous, concave, bounded

real-valued utility function.

Problem 5.3 Under Assumptions 4. 1to4.7,atage i(t+1=h=t+v-—1),

max Y ,—1""V" hy,(td),

{"d}

subject to par * "di="bo" + C° - "b°,

Pa * "di+ pu s "B =puc s ("B ey) by T+ CO - b for 2=t <v -2,

Pav-1* "dv1 ="be" 2+ CO - b2 for t=v—1.

Solution Let L, ="u, ("d)— M { pur * "dy+ puu + " = pi = ("B~ 1 +rep) —by' 1 — CO + Mp 1y,

0"y =N\ pa, pac* "diF pa - "B =pp + (b Fey) + by T4+ CO - hp T

0'd,

Let the solutions "d,* (pa), ™. o

Problem 5.4 Under Assumptions 4. 1 to 4. 7, p'> 0, atage h(t+ | =h=1+V),

max Y 2" ["ul’d, *(p))d " w (pd ps', qs) -

()

Solution Since "u, is concave, Jensen’s inequality,

Y2 T hud* (p))d "y o (pds po's 5) =X -2 " 'udEL'ds * (p)])-

Let the solutions “d,* * = E[ "d,* (p.)]. m]

6. Market Equilibrium
We shall show the existence of an equilibrium in overlapping generations’ model. In an exchange
economy, there are /4 consumers. In Section 3, we obtained i th consumer’s demand correspondence

g, For all p' € R.', we define the excess demand correspondence(, as follows:

Cp) =2 =1 " [Zo=r" {"& (p) + (V1) "am = "))} Z =" {"E) (p1) = "di-1} ] = n(pd', pr).

Theorem 6.1 ( Grandmont’s Market Equilibrium Lemma)
LetP={p© R |2 =1 ! pi; = 1}. Let D be any subset of P containing P°= { pi& P | pi> 0}.If
each { ' is bounded below and ( is a nonempty-valued correspondence whose graph is closed in DxR./

which satisfies:

(16)
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(1) ¢ is 1", compact-valued and upper hemi-continuous on D,
(2) strong Walras’ Law : p; + { (p1) =0, for all py€ D,
(3) a boundary condition: if pi* tends to pi° € P/ D and for any sequence a*E{ (pi), there exists
p1in D such that p; - " > 0 for infinitely many £.
Then there exists p; *in D such that 0 € (p1 ™).
Proof See Debreu [3, Lemma 4] and Grandmont [5, 6].

Theorem 6.2 Under Assumptions 2. 1, ..., 2. 7, there exists an equilibrium price system p;*.

Proof See Grandmont[5, Theorem 5. 1].

In the goods forward market, we shall show the existence of equilibrium. In an exchange economy,
there are I consumers. A contract is a I-tuple c=('c, **+,%c) E R" . i1 1(Z 4=1" "c+ T jhocer™ v 1)
=0 . An equilibrium price system is a price system g* of P such that there exists a contract “c* = ("c*,

-, e*y with e* € Mg (g*) , X =y T e* =0 for all A.
We obtained the i th trader’s demand correspondence *&,. For all ¢ € P ,we define the individual

excess demand correspondence { ‘ and aggregate excess demand correspondence ( as follows:
C(Q) =%, Iy ae Tt ih‘;:Z 1 Iy h:]wv(z‘hél ( q )) .

We assume the common expectations among all the traders. Let “TIT=int co supp * (p1) for the i
th trader at age A.
Assumption 6.1 N;—; ‘N;="*" "I is not empty.

Theorem 6.3 Under from Assumptions 4. 1 to 4. 7, there exists an equilibrium price system ¢*.
Proof See Grandmont [5, Theorem 5. 1].

*

We can show as the above way that there exists an equilibrium price system p,* and p,* in the

bonds spot market and ¢, *in the forward market.
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