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Introduction
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　　　We consider that in the competitive market, all the participants behave them-

selves as completely selfishand self-supported｡

　　　Samuelson[15]assumed that men enter the labor market at about the age of

twenty and they work for forty-five years or so and then live for fifteen years in

retirement. We are interesting in the old who are completely selfish and self-

supported.

　　　Ina model, the old have no endowment, but his own fund with only money･

There eχistsno bequest. There are two generations and the young have 2 life-spans

and the 01d one life-span.　We consider the temporal general equilibrium in an

exchange economy.　This type of model as developed in 197O's by Grandmont,

Laroque and Younne [7, 8,9，10],although Grandmont has not shown the fullmodel

under uncertainty。In this paper, we exercise this task and prepair to extend it to a

multi-period model. But we don't show the stationary equilibrium.

　　　Consumption loan is possible if a trader borrows money only for one period.

However, a retiredconsumer cannot borrow any money because of the assumption of

no endowment。Since we are interesting in the existence of equilibrium in the

market with private pension, we shall focus on the function of the fund without

banking. On behalf of no borrowing and lending, there is no interest for money

hoarding.

2. Definitions and Assumptions of a Model

　　We consider an eχchange economy, where trade starts at period t＝l and

continues sequentially over time. A trader who initiallyenters into a market works

for one period and lives for one period afterhis retirement. Each trader saves his or

　　　　　　　　　　　　　　　　　　　　　　（1）
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her own fund for the retirement life period with no bequest. Each generation is

denoted by an index a ＝l,2. Ifα＝l, the generation is young. The population of each

generation is the same and constant｡

　　　At each period there eχistZ perishable goods and paper money. A young trader

who works for one remaining period is endowed with 召u^刄こwhich is perfectly

foresighted, where R卜s a closed positive cone of i?'. At period £＝1,every trader has

no debt. The old are not endowed, but withdraw their fund 斑20,which has been saved

for the working period. For simplicity, all the traders cannot borrow and lend money

from the others. We assume

Assumption 2.1　Let eu≫O and 撰2o＞0.

　　　For a young trader, let :χi＝(:cu，χi2)e肝 be a consumption stream. Let 謂n^-

表士be money holding.　For an 01d trader, let X2i<E尺よbe a consumption stream. At

period t＝1, money price is one and a vector of market prices is denoted asかGP, = Int

Ri, wherep＼ is a vector of monetary market prices of perishable goods. At period 乙＝

2, a vector of market prices is denoted as 夕2^瓦＝lnt R仁

　　　An action is a decision to trade in a commodity market and a money market at

period 1. We denote the action by fll= (ズll，撰,i)ei?ト'. A plan is a decision to trade

in a commodity market and a money market at period 2. We assume that conse-

quences of his consumption behavior at period t＝l are under certainty and ones at

period 2 are under uncertainty. We adopt the expected utility hypothesis with

respect to the consumer's preferences to the consumption stream.

　　　A space of consequences of the trader's action and plan is the space of consump-

tion stream C＝Rl'. Let M(R仰 be the space of all probability measures on the

measures on the measurable space (Ri,B(RL)), where£(R幻is the Borel a-field on

尺仁On the Cartesian product 封-(i?こ)of the spaces il//(i?i　,the consumer chooses a

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　/probability measure and the preferences are represented by a preordering ≧. Thus

we assume as follows [6, Assumption 1,6]:

Assumption 2.2　There eχistsa von Neumann-Morgenstern utilityu: C→尺

which

べμ)＝

is continuous, bounded, such that the mapping t;;M'(i?i)→R defined by

ﾘﾝ^dμfor any μfE訂KRi) is a representation of the preferences ダAny von

Neumann-Morgenstern utilityu is concave and monotone.

Under Assumption 2､2,the young trader is faced on the certainty at period l and

　　　　　　　　　　　　　　　　　　　　（2）
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the uncertainty at t＝2. Then, according to [13], a mapping v(μ)has the following

form for anyμ＝(μuμ2)日訂K沢幻。

Assumption 2.3　が:μ)＝Ml十fμ2'

　　The uncertainty in Assumptions 2.2 and 2.3 means one of consequences when

the consumer willact in the future period. 0n the other hand, the consumer expects

the neχt period's equilibrium price system. According to Grandmont's eχogenous

expectation[6, Assumption 2], we assume a Grandmont expectation function that

the present price system quoted飢巳Pi is correspondent to a probability distribution

φ(ft,)E訂(几).

　　Assumption 2.4　The expectation functionφ(P):鴇→肛(几)is continuous,

when 訂(几)is endowed with the topology of weak convergence of probability

measures.

　　Since we introduce money to the model, according to Grandmont ［5,（c. 3）,p.

222］we assume a further assumption.

Assumption 2.5　The set {φiP＼｝I郎≡ハ} is relatively（weakly）compact.

　　　Well,we shall show that two uncertainties of consequences of consumer's

actions at the future period and eχpectationof spot price system at the future period

are related by the assumption of a random variable 7.

　　　Ayoung trader'saction is defined as a decision of trade in markets at period l

and represented by anニ口u，紺u)'^-尺仁'.A plan is defined as a decision of an action

at t･＝2and represented by a＼2＝χa'^-犬仁　First,given a price vector pi and an

endowment en, the consumer chooses an action restricted by a subset of an action

space 山＝尺仁', which is denoted byβu(puにii)＝伝iieルI pi・an≦p＼°en). Second.

a plan is restricted by each subset βi20f the plan space Ai which depends on the

chosen actionαi?.This subset is represented as follows :βn(か|P＼. flu)＝{012^／2＝

ﾑﾊﾞ｡か' a 12≦mn}｡

　　　Weassume that the young trader has the following continuous linear mapping

r, which we calla transformation function.

（3）
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　　　Assumption 2.6　ア:flu・αn(P2χ瓦う→C, where αn(？i×尺十)denotes the range

of a measurable function an:？2×表?エ→Ai.

　　Since the transformation function 7 is a random variable because a price vector

P2 is a random variable by Assumption 2.3,a probability distribution defined on the

space of consequences from the space of price eχpectationR can be induced by the

random variable y. According to [13],a von Neumann-Morgenstern utilityfunction

is denoted as uγαn ' ai2))＝ui(xu)十U2(αi2(♪2，mil))bythe function r. Therefore, a

conditional eχpected utilityfunction on flu and piつ(ail,夕)is denoted by

べ仰丿l)=″i収u)十工げ2(“12(゜'″711)dφ(か)゛ 2. 1

　　　By the relation 2. 1, a rule of Grandmont's decision making [6, p. 884]is formula-

ted as follows :

Given Pi, for any actio?isflu,副χEβii(p＼,e,i), an
叉八尚尚皿/

and only if妖'fill,pi)≧v(aU,

P). 2.2

　　　On the other hand, an 01d trader's action is defined as a decision of trade in

markets at period l and represented by α21ニ3=21Si?二　There is no plan for the 01d

trader at t＝2 because he willdie without bequest. Given a price vector/)]and money

撰io,theconsumer chooses an action restricted by a subset of an action space ^2,＝R仁

which is denoted by βixipu，OT20)＝(α2iG^2iI Px ･ 021≦Wzn}.

3. Generations' Optimality

　　　Eachtrader decides on an action and a plan. Since there eχisttwo generations

in our model, we shall show each generation's optimality and　each demand

correspondence's properties.

3｡1　The young generation's optimality

　　　The young trader decides on an action an and a plan ai2 at period l subject to the

sets of his budgetsβu(pu，Wi),βn(p2，wii)with two steps. In the first step, we shall

solve a problem to decide on the plan のa,given the price 加and the action an, subject

to the set of budgetβvX♪2,mn)，When we substitute the solution aちfor the equation

2. 2, we shall obtain a conditional eχpected utility function ﾉ(an，夕)，In the second

step, we shall solve the action α＼subject to the set of budgetβu(pu，Wi).

　　　First,we show properties Ofβii,β12according to the results by Debreu [3]. Next。

　　　　　　　　　　　　　　　　　　　　　　　　　(4)
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we solve the problem of plan-decision and prove the properties of the conditional

expected utilityfunctionべan, pi)- Then, we obtain the solution of action-problem.

Finally,we define the 八h young trader'eχcessdemand correspondence ぎχand prove

the properties of 乱

　　　Fora young trader,we assume that consumption setsAu A2⊂i?こare non-empty

and compact. We define a correspondence β11(^1，叫)=゜(αn^Ai ＼pi・Xi十mil≦Pi・

eu} from PiχR+toAi and a correspondenceβiz(加，扨2)＝伝i2^A2 I p2・an≦Wii}from

几×R÷to A 2. By Debreu [3],the correspondences have the following properties :

　　Lemma 3.1　Correspondencesβn.β12are non-empty, convex-valued,compact-

valued and continuous on Pi×沢÷andP2×R＋,respectively.

　　Proof　For any (pu，耀)∈？iy-R.｡the correspondence βiiis non-empty, conveχ-

valued, compact-valued from the form of theβi and the assumptions of the consump-

tion set A I. According to Debreu [3，Lemma 3], if A, is non-empty, compact, and

convex, and w?＞min が・Ai，then the correspondence βiiis continuous at (Pi，wf).

For any (pl，m?)^几×R.わ, the correspondenceβ12 is also non-empty, convex-valued,

compact-valued. Furthermore, β12is also continuous at (pl，辨?)｡　　　　　　　□

　　Neχt, given the price pi and the action an at period 1, we solve a well known

problem to decide on the plan αi2subject to the set of budgetβi2(片mil).

　　　Problem 3.1　Under Assumption 2.l,p'≫0，given the current consumption Xii

and money 辨n，

max　びロ(:Kii)＋Mi2(xi2)
　{Xn)

　　　　　　subjecttoβ12(♪2，匹i)={xn'^Ai I p2 ' Xn≦mil}.

　　Solution　The von Neumann-Morgenstern utilityfunctions 痢 and Ml2 are real-

valued and continuous by Assumption 2.2. Since Ml2　is continuous andβ12 is

compact, the function びl2has its maximum onβ12.　　　　　　　　　　　　　　□

Let xねbe a solution for Problem 3.1. In Section 2, we have defined a conditional

expected utilityfunction v(an, pi). When we substitute the solution xねfor the

equation 2.2, we shall obtain a conditional eχpected utility function べan, Pi)=

Mu収ii)十Tzzね0，m11)顔(夕1).Here,we prove the properties of the function V.

　　　　　　　　　　　　　　　　　　　　　(5)
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　　Theorem 3.2　The conditional expected utilityfunction べan, 加)is (i)bounded

and continuous, for an，pi，(ii)concave and strictlymonotone for flu.

　　　Proof (i)Since Assumption 2. 2, the von Neumann-Morgenstern utility func-

tion u is bounded, むis bounded. We prove that V is continuous. Let a sequence

{(a'd，p')}converge to (副ムPi")in玉xPχ. Now, the utility functions 痢(球)and

u?2( -, '/nil)are uniformly bounded and converge continuously to 恥(銘)and u凱・，

刀福). Since by Assumption 2べan expectation function φ(♪i)is continuous, a

sequence {φ(叶)}converges weakly to φ(pf). Therefore, lim ベ貼，p't)＝v(a＼i，pi).

(ii)The concavity of the function V is obtained by Sondermann [16, Lemma 7.2],

since by Assumption 2. 2, Ml, andﾁﾞ412 dφare concave and the sum of concave

functions is concave. The strictly monotone of V is also evident by Assumption 2. 2.

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　□

Next, we shall solve the action ai，subject to the set of budgetβ＼＼(P＼,VJi)

Problem 3.2　Under Assumption 2. h丿|≫0，

max　UuiXu)十丿吠U ')dφ(ﾉ)I)

subject to邱(加叫)＝隔i亡玉I piリ,卜匹1≦P＼ ･ en)

　　　Solution　The conditional eχpected utility function V is real-valued and contin-

uous by Assumption 2. 2. Since v is continuous andβii is compact, the function v has

its maximum on βll(pU，叫)．　　　　　　　　　　　　　　　　　　　　　　　　　□

　　A rule of Grandmont's decision making is that given 夕I,for anv actions αiiand an

圧βn(飢,刈), 恥＞剔肩汀and only i加留nバ)I)≧ベa'n丿i). Therefore, maximizing がon

βuipu，W))5delds the setど|(夕)＝伝u斤小川(a,,ノ),)≧v(au, pi)for every 肩よWe call

刎(拓)his demand correspondence. The demand correspondence t＼(pi)has the

following properties.

　　Lemma 3.3　ぎいsnonempty, convex-valued,compact-valued and upper hemi-

continuous. For alii),斤P,and allan圧Pi，Px・Xn十mu＝P＼'&＼＼．

　　　Proof　By Lemma 3.1, 摂is nonempty, convex-valued, compact-valued and

upper hemicontinuous. From the monotonicity of preferences, his budget satisfies

　　　　　　　　　　　　　　　　　　　　　　　（6）
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the equality[16,Proposition7.4 and Corollary], P

By Grandmont [5,Proposition4.2],the young trader'demand correspondence ifj

satisfiesa boundary condition.

Theorem 3.4 For any a>n<B£＼(p＼),if p＼tends to p1<BRL/Pu or ifH/>41|tends to

+ °o,then IIaiiIItends to + °°.

Proof Assume the contrary. There exists a subsequence that ah converges to

a1i= (xu, m?i). According to Assumption 2.4, there exists an element (p(pi) that

0G>O converges to cp(pf). We define a conditional expected utilityfunction h by /z

(an) =Mn(xn)+ I u*2(･ ) d 0(jpD. From Theorem 3.2, for any an, lim u(an, P＼)=h

(an), lim f(aJii,/>-D=ft(a?]),and /zis continuous.

(i) p[ tends to pi^Rl/Pu

pi' Xn+mu°^p1 -en and/)? ･ en>0. Since a"nis optimal, h(aon)^h(an) for allau

such thatp＼･ Xn+miiiipi ･ eu- But there exists an element £?a= 0. Therefore it

contradicts since its k th good increased an is also optimal.

(ii) lim ＼＼p＼||= +00.

Let ni::=p＼/＼＼p＼IIand n' converge to some 7r°>0. Since m＼＼is bounded and {p＼/

＼＼p＼＼＼)- xh.+mWWpW] <{p＼/＼＼p＼＼＼)-en, jc°･ x°n<n0 ･ eu. Since ?r°-en>0, there

exists an elementxn such that x0 ･ x_u<n" ･ en. Define x＼＼=Xx＼i+ (＼-X)x＼ifor any

AiE[0, 1]. Then, aii = (x?h, mu)<^Ai and tc°･ xf,<7r°･ en. When we take/ large

enough,/)-i ･ x!i+ran<j?>-i ' en- Therefore, v(a＼u p＼)^v{ah, p{~).In the limit, h(a＼x)

^ft(ati). If A converges to 0, ^(a?i)^/i(an). If flu= (a:?!,Wn) such that rriu>m＼h

the price of money is zero in the limit.Then, h{a,n) >h(a°＼). This contradicts the

optimality of an- D

3. 2 The old generation's optintality

For an old trader, we assume that a consumption set A]dRL is non-empty and

compact. We define a correspondence0n(p＼, ≫?2o)= feiEAi | pt ･ 021^^20} from Pi X

R + to Ai. The old trader decides on an action aZi at period 1, subject to the set of his

budget£21 (pi, OT20).

( 7 )



66　　　　　　　　　　　　　　　　　KAZUSHI　NISHIMURA

　　　Theorem 3.5　Correspondenceβ21 is conveχ-valued, compact-valued and upper

hemi-continuous on Pi×涅十．

Proof　See Lemma 3. 1 □

　　　Sincethe old trader does not face on the uncertainty at period 2,his problem to

obtain an optimal consumption at period l is well known. We assume that M21 is

continuous, concave, bounded real-valued utilityfunction.

Problem 3.3　Under Assumption 2.1,夕I≫0,given money辨2o＞0，

max　W2lfel)
　叫l}

　　　　　　　　　subjectto　β衣P＼，W2o)＝岡l<^Al l か・X2X≦≫22o}-

Solution　The ordinal utilityfunction M21is real-valued and continuous. Since u

is continuous andβ21 is compact, the function M21 has its maχimum on β21. □

　　For the i th old trader,maximizing 岫 onβ21(^1，m笥)yields the setど(♪i)＝伝2i

^ム for every an, one has M2i(α2i)≧吻i(祠i)}.Thedemand correspondence れ(飢)

has the following properties.

　　　Lemma 3.6　ぎ is nonempty, conveχ-valued, compact-valued and upper hemi-

continuous. For all拓e私and allα2i＝χ2ie昌,p＼・
'^21＝拓・沢20･

　　Proof　By Lemma 3.1,昌is nonempty, conveχ-valued,compact-valued

upper hemicontinuous.

＋00

and

　□

Theorem 3.7　For any 臨(E:れ(が)，＼f皿tends to 球iE凱ﾉ翫then II副lIItends to

Proof　See Debreu [3,Lemma 4]

4. Market Equilibrium

□

　　　Weshallshow the eχistenceof an equilibrium in overlapping generations model.

1n an eχchange economy, there are n young traders and 刄〇Idtraders. An allocation

　　　　　　　　　　　　　　　　　　　　　　　　（8）
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is a 2n-tuple a＝(a＼u…, 酎i，all,…, a§i)ei?ﾀﾞ2/-.i)，where 副l =(到1，肩1 )and 岫i＝到i

(仁i，…, n)for alli. s‰到i十八ベパ)＝0 and 2飛り鵬o＝訂＞0.An equilibrium price

system is a price systemバof Pi such that there exists an allocation が＝(副?‥‥‥,α7ご，

ail*,…，ah*)with 副T 三れ(討)and心巳政(討)for alli.

　　In Section 3, we obtained the i th young trader's demand correspondence R and

the i th old trader's demand correspondence 昌.For all抑≡Pi, we define an eχcess

demand correspondence ぐas follows:

ぐ価)＝S‰{れ(夕x)一e'li)十(昌(夕i)一肩a)}。

　　Theorem 4』(Grandmont's Market Equilibrium Lemma)

　　　　一　　　　　　　　　　　　　　　　　　　　　　　一　　LetS＝{担巳凱｜Σにipii＝l}. Let S be any subset of S containing S"＝匯EES ＼夕,

≫0}. ifぐis a nonempty-valued correspondence whose graph is closed in SχRi and

which satisfies:

　　(1)ぐis凸, compact-valued and upper hemi-continuous on s,

　　(2)strong Walras' Law :か・ぐか)＝0，ior allpi<BS,

　　　　　　　　　　　　　　　　　　　　　　　　　一　　(3)a boundary condition :ifp＼tends toがeS/S and for any sequence 衣三ぐ(皿)，

　　　　there exists瓦in S such thatβi・ぶ＞O for infinitelymany j，

　　then there exists討in S such that oeぐ(球).

Proof　See Debreu [3ユemma 4]and Grandmont [5,6]. □

　　Theorem 4.2　Under Assumptions 2. 1,…, 2.6,there eχistsan equilibrium price

system pf.

Proof　See Grandmont [5,Theorem 5. 1].
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