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Temporal General Equilibrium in
Overlapping Generations Model

KazusHr NISHIMURA

1. Introduction

We consider that in the competitive market, all the participants behave them-
selves as completely selfish and self-supported.

Samuelson [15] assumed that men enter the labor market at about the age of
twenty and they work for forty-five years or so and then live for fifteen years in
retirement. We are interesting in the old who are completely selfish and self-
supported.

In a model, the old have no endowment, but his own fund with only money.
There exists no bequest. There are two generations and the young have 2 life-spans
and the old one life-span. We consider the temporal general equilibrium in an
exchange economy. This type of model as developed in 1970’s by Grandmont,
Laroque and Younne [7, 8, 9, 10], although Grandmont has not shown the full model
under uncertainty. In this paper, we exercise this task and prepair to extend it to a
multi-period model. But we don’t show the stationary equilibrium.

Consumption loan is possible if a trader borrows money only for one period.
However, a retired consumer cannot borrow any money because of the assumption of
no endowment. Since we are interesting in the existence of equilibrium in the
market with private pension, we shall focus on the function of the fund without
banking. On behalf of no borrowing and lending, there is no interest for money
hoarding.

2. Definitions and Assumptions of a Model

We consider an exchange economy, where trade starts at period t=1 and
continues sequentially over time. A trader who initially enters into a market works

for one period and lives for one period after his retirement. Each trader saves his or
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her own fund for the retirement life period with no bequest. Each generation is
denoted by an index a=1, 2. If a=1, the generation is young. The population of each
generation is the same and constant.

At each period there exist [ perishable goods and paper money. A young trader
who works for one remaining period is endowed with e;&R: which is perfectly
foresighted, where R% is a closed positive cone of R. At period t=1, every trader has
no debt. The old are not endowed, but withdraw their fund ms, which has been saved
for the working period. For simplicity, all the traders cannot borrow and lend money

from the others. We assume
Assumption 2.1 Let ¢,>>0 and mgy>0.

For a young trader, let x;= (x1, x12) ER ¥ be a consumption stream. Let m; &
R . be money holding. For an old trader, let x5 R% be a consumption stream. At
period £=1, money price is one and a vector of market prices is denoted as p,&P=Int
RL where p, is a vector of monetary market prices of perishable goods. At period i=
2, a vector of market prices is denoted as p.&P,=Int RL.

An action is a decision to trade in a commodity market and a money market at
period 1. We denote the action by a;=(x1;, m;;) ERL. A plan is a decision to trade
in a commodity market and a money market at period 2. We assume that conse-
qguences of his consumption behavior at period t=1 are under certainty and ones at
period 2 are under uncertainty. We adopt the expected utility hypothesis with
respect to the consumer’s preferences to the consumption stream.

A space of consequences of the trader’s action and plan is the space of consump-
tion stream C=R% Let M(RL!) be the space of all probability measures on the
measures on the measurable space (R4, B(RL)), where B(RY) is the Borel o-field on
RL. On the Cartesian product M2*(RL) of the spaces M(RL), the consumer chooses a
probability measure and the preferences are represented by a preordering é Thus

we assume as follows [6, Assumption 1, 6] :

Assumption 2.2 There exists a von Neumann-Morgenstern utility u: C — R

which is continuous, bounded, such that the mapping v: M*(RL{) — R defined by
!

v(u) :“fcu du for any u&M?*(RL) is a representation of the preferences =. Any von

Neumann-Morgenstern utility « is concave and monotone.

Under Assumption 2. 2, the young trader is faced on the certainty at period 1 and
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the uncertainty at t=2. Then, according to [13], a mapping v(u) has the following
form for any u= (u1, u2) EMA(RL).

Assumption 2.3 v(y) =u1+fklu2 d .

The uncertainty in Assumptions 2. 2 and 2. 3 means one of consequences when
the consumer will act in the future period. On the other hand, the consumer expects
the next period’s equilibrium price system. According to Grandmont’s exogenous
expectation [6, Assumption 2], we assume a Grandmont expectation function that
the present price system quoted p,&P; is correspondent to a probability distribution
PP EMPy).

Assumption 2.4 The expectation function ¢(p.): P, — M(P,) is continuous,
when M(P,) is endowed with the topology of weak convergence of probability

measures.

Since we introduce money to the model, according to Grandmont [5, (c. 3), p.

222] we assume a further assumption.
Assumption 2.5 The set {¢(p) | p1E P} is relatively (weakly) compact.

Well, we shall show that two uncertainties of consequences of consumer’s
actions at the future period and expectation of spot price system at the future period
are related by the assumption of a random variable 7.

A young trader’s action is defined as a decision of trade in markets at period 1
and represented by a, = (1, mi) ERLL A plan is defined as a decision of an action
at t=2 and represented by ap=x,SR. First, given a price vector p; and an
endowment ¢y, the consumer chooses an action restricted by a subset of an action
space A,=RY which is denoted by 81;(p1, en) ={auE A4, | p1* ans=p; * en}. Second.
a plan is restricted by each subset B1; of the plan space A, which depends on the
chosen action ap.. This subset is represented as follows: Bi2(p2 | p1, @) = {anEA,=
RL | preansmyl.

We assume that the young trader has the following continuous linear mapping

7, which we call a transformation function.
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Assumption 2.6 7:ay cap(P;XR.) — C, where a;:(P.XR.) denotes the range
of a measurable function @;3: Ps XK+ — Ao

Since the transformation function 7 is a random variable because a price vector
P2 is a random variable by Assumption 2. 3, a probability distribution defined on the
space of consequences from the space of price expectation P, can be induced by the
random variable 7. According to [13], a von Neumann-Morgenstern utility function
is denoted as u(y(ay; * a12)) =u1(x11) +u2(@2(p2, my)) by the function 7. Therefore, a
conditional expected utility function on a,, and p,, v(ay;, p1) is denoted by

viau, pv) :ul(xll>+\[)\?{u2<al2( o, my) d(po). 2.1

By the relation 2. 1, a rule of Grandmont's decision making [6, p. 884] is formula-
ted as follows:

[

Given P, for any actions an, anEBu(py, en), an =, air if and only if v(an, p) Zvlai,
o). 2.2

On the other hand, an old trader’s action is defined as a decision of trade in
markets at period 1 and represented by an=xyER.. There is no plan for the old
trader at £=2 because he will die without bequest. Given a price vector p; and money
M, the consumer chooses an action restricted by a subset of an action space Ay =R%,
which is denoted by Bai(pi1, ma) = {anSAs | p1 « anSmu}.

3. Generations’ Optimality

Each trader decides on an action and a plan. Since there exist two generations
in our model, we shall show each generation’s optimality and each demand

correspondence’s properties.

3.1 The young generation’s optimality

The young trader decides on an action a;; and a plan ap; at period 1 subject to the
sets of his budgets 81, (1, w1), Br2{P2, my) with two steps. In the first step, we shall
solve a problem to decide on the plan a,, given the price p, and the action ay;, subject
to the set of budget B12(ps, m1). When we substitute the solution af; for the equation
2.2, we shall obtain a conditional expected utility function v(au, p1). In the second
step, we shall solve the action a; subject to the set of budget 81:(p,, wi).

First, we show properties of 81, 812 according to the results by Debreu [3]. Next,
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we solve the problem of plan-decision and prove the properties of the conditional
expected utility function v{an, p1). Then, we obtain the solution of action-problem.
Finally, we define the 1 th young trader’ excess demand correspondence £{ and prove
the properties of £}

For a young trader, we assume that consumption sets A;, A;CRY are non-empty
and compact. We define a correspondence Bu(p:, wy) ={anEA4A, | prexi+musp; °
ey} from Py XR. to A, and a correspondence Bi(pe, we) = {a1nEAs | P2 ° az<my} from
PyXR. to As. By Debreu [3], the correspondences have the following properties :

Lemma 3.1 Correspondences 811, 812 are non-empty, convex-valued, compact-

valued and continuous on P, XRK. and P, XR ., respectively.

Proof For any (p), w)EP X R, the correspondence 8y, is non-empty, convex-
valued, compact-valued from the form of the 8, and the assumptions of the consump-
tion set A,. According to Debreu [3, Lemma 3], if A, is non-empty, compact, and
convex, and wi>min p) - 4,, then the correspondence By, is continuous at (p}, wd.
For any (p%, m})) &P, X R ., the correspondence 8y, is also non-empty, convex-valued,

compact-valued. Furthermore, 812 is also continuous at (p}, m9). ]

Next, given the price p; and the action a;; at period 1, we solve a well known

problem to decide on the plan a;; subject to the set of budget 812(ps2, m,1).

Problem 3.1 Under Assumption 2. 1, p2>0, given the current consumption x;

and money my,
max  wy () Fu(x)
{x12)

subject to B1(ps, mu) = XEAs | P2 * xeSmy).

Solution The von Neumann-Morgenstern utility functions uy and uy; are real-
valued and continuous by Assumption 2.2. Since u;; is continuous and B is

compact, the function u,; has its maximum on Bia. M

Let x% be a solution for Problem 3. 1. In Section 2, we have defined a conditional
expected utility function v(au, pi). When we substitute the solution x% for the
equation 2.2, we shall obtain a conditional expected utility function v{ay, p)=
un (%) -I—fu?é( o, m) d¢(py). Here, we prove the properties of the function v.
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Theorem 3.2 The conditional expected utility function v(a,;, p.) is (i) bounded

and continuous, for ay, p;, (ii) concave and strictly monotone for ).

Proof (i) Since Assumption 2. 2, the von Neumann-Morgenstern utility func-
tion # is bounded, v is bounded. We prove that v is continuous. Let a sequence
{(at, p®)} converge to (@, p%) in 4,XP,. Now, the utility functions u;;(x%) and
ub(«, m#) are uniformly bounded and converge continuously to u;, (x%,) and % -,
mY). Since by Assumption 2.4, an expectation function ¢(p,) is continuous, a
sequence {¢(pH}converges weakly to ¢(p?). Therefore, lim v(ak, p5) =vial;, pD.
(ii) The concavity of the function » is obtained by Sondermann [16, Lemma 7. 2],
since by Assumption 2.2, uy andfulg d¢ are concave and the sum of concave

functions is concave. The strictly monotone of v is also evident by Assumption 2. 2.

]
Next, we shall solve the action a,, subject to the set of budget 81 (p1, wy).

Problem 3.2 Under Assumption 2. 1, p,>0,
max  wnCa)+ [ub(+) d (o)

subject to Bu (P, w) = {anSA | p1 e xu+mn=p; < en}.

Solution The conditional expected utility function v is real-valued and contin-
uvous by Assumption 2. 2. Since v is continuous and 81 is compact, the function v has

its maximum on 8y, (H:, wi). E

A rule of Grandmont’s decision making is that given p,, for any actions a,; and a
E8u (D1, w1, @y >, an if and only if v(ay, p1) 2v(an, po). Therefore, maximizing o' on
Bu (P, wy) vields the set E1(py) = {an €4, | viay, p1) 2vlal, py) forevery afy}. We call
£i(py) his demand correspondence. The demand correspondence £(p,) has the
following properties.

Lemma 3.8 £! is nonempty, convex-valued, compact-valued and upper hemi-
continuous. For all piEP, and all €, Py« xy+mu=p * ey,

Proof By Lemma 3.1, £ is nonempty, convex-valued, compact-valued and

upper hemicontinuous. From the monotonicity of preferences, his budget satisfies
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the equality [16, Proposition 7.4 and Corollary]. ™

By Grandmont [5, Proposition 4. 2], the young trader’ demand correspondence &}

satisfies a boundary condition.

Theorem 3.4 For any a{,€£i(p)), if pi tends to pl=RL/P,, or ifllpi]tends to
+ o0, then|laf, | tends to-+ oo,

Proof Assume the contrary. There exists a subsequence that @i, converges to
ady={(x},, m}). According to Assumption 2.4, there exists an element ¢{(p}) that
o {(pl) converges to ¢(p?). We define a conditional expected utility function # by A
(aw) =uu(xn)+fu§‘2( «) d ¢(p}). From Theorem 3.2, for any ay, lim viau, pl)=h
(a), lim v(adi, pi)=h(al)), and A is continuous.

(i) pi tends to pIERL / Pu.

pY e xS +m’<pl e and pd ¢ e, >0. Since al) is optimal, £{a%) =h(an) for all a;,
such that p} e x,, +mb<pl » ey But there exists an element p},=0. Therefore it

contradicts since its & th good increased ay; is also optimal.
(1) Hm [ pill = + o0,

Let #7=pi/[|piland 7’ converge to some z°>0. Since m{, is bounded and (pi/
oD « xhi+miy /il S/ IpID < en, 7+ x)<7°e ey, Since z° < e >0, there
exists an element x;; such that z° » x,1 <z’ » e;;. Define x}, =A%+ (1-2)x% for any
A€ [0, 1]. Then, ati= (&}, my) €4, and 7° s x} <z’ e;;. When we take j large
enough, pi * x}+my, <pi ° e;. Therefore, v(al,, pi) Zv(at, p1). In the limit, h(aly)
=h(at). If A converges to 0, h(ab) =h(ay). If a =Y, my) such that my, >m),
the price of money is zero in the limit.Then, A(a) >k (a%). This contradicts the
optimality of a¥. ]

3.2 The old generation’s optimality

For an old trader, we assume that a consumption set A;CR% is non-empty and
compact. We define a correspondence Bz (P, mu) = {aa €A, | D1 * anSmy} from P; X
R. to A The old trader decides on an action as at period 1, subject to the set of his
budget Bai (P1, ma).
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Theorem 3.5 Correspondence B3» is convex-valued, compact-valued and upper
hemi-continuous on Py XR..

Proof See Lemma 3. 1. ]

Since the old trader does not face on the uncertainty at period 2, his problem to
obtain an optimal consumption at period 1 is well known., We assume that wug is

continuous, concave, bounded real-valued utility function.
Problem 3.3 Under Assumption 2. 1, p.>>0, given money mg >0,
max sz (%a)

{xa

subject to Bu(pi, Mma) = XS4 | pr * X S}

Solution The ordinal utility function us; is real-valued and continuous. Since u

is continuous and Bx is compact, the function uz has its maximum on Ba. ]
For the i th old trader, maximizing 4 on By (p1, ma) yields the set £(p)) = {au
A4, | for every as, one has g (ay) Zuafas)}. The demand correspondence £5(p)

has the following properties.

Lemma 3.6 £} is nonempty, convex-valued, compact-valued and upper hemi-

continuous. For all piEP, and all ay=x1EE5, pi * Xxoa =D\ = M.

Proof By Lemma 3.1, £ is nonempty, convex-valued, compact-valued and

upper hemicontinuous. ]

Theorem 3.7 For any al €& (pY), if pi tends to plERL /Py, then | ab |l tends to
400,

Proof See Debreu [3, Lemma 4]. ]

4 . Market Equilibrium

We shall show the existence of an equilibrium in overlapping generations model.

In an exchange economy, there are n young traders and z old traders. An allocation
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is a 2n—tuple a={(al,, -, ah ah, - al) ER***V where al,=(xi;, mi, ) and ab =x}
G=1, -, n) for all i. S2,(x},+xb—el) =0 and Z%, myp=M>0. An equilibrium price
system is a price system p} of P, such that there exists an allocation a* = (alf, -, atf,
alf, -, a4) with aif €E(pT) and aif €E(pT) for all i,

In Section 3, we obtained the 7 th young trader’'s demand correspondence £i and
the 7 th old trader’s demand correspondence £, For all p)EP,, we define an excess

demand correspondence ¢ as follows:

) =27 {(E1(p) —eln) + (EL(p) —min)}.

Theorem 4.1 (Grandmont's Market Equilibrium Lemma)

Let S= {p1ERL | i, pi=1}. Let S be any subset of S containing S°= {p,€S | p,
>0}. If ¢ is a nonempty-valued correspondence whose graph is closed in SXR4 and
which satisfies :

(1) ¢ is 'Yy, compact-valued and upper hemi-continuous on S,

(2) strong Walras' Law : p; « £(p,) =0, for all p;&S,

(3) a boundary condition : if pJ tends to p¢ES /S and for any sequence @ S£(p1),

there exists p; in S such that p; » @’ >0 for infinitely many j,
then there exists p¥ in S such that 0&¢(p¥).

Proof See Debreu [3, Lemma 4] and Grandmont [5, 6]. ]
Theorem 4. 2 Under Assumptions 2. 1, ---, 2. 6, there exists an equilibrium price
system p¥.
Proof See Grandmont [5, Theorem 5. 1]. ]
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